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Abstract

A typical theme for many well-known decomposition problems is to show that some obvious
necessary conditions for decomposing a graph G into copies Hy, ..., H,, are also sufficient. One such
problem was posed in 1987, by Alavi, Boals, Chartrand, Erdds, and Oellerman. They conjectured
that the edges of every graph with (m2+1) edges can be decomposed into subgraphs Hy, ..., H,, such
that each H; has i edges and is isomorphic to a subgraph of H; ;. In this paper we prove this
conjecture for sufficiently large m.

1 Introduction

For a graph G, we say a collection of graphs Hi, ..., H,, is a decomposition of G, if G is an edge-disjoint
union of Hy, ..., H,. Decomposition problems have been a central theme in combinatorics since Euler’s
work on the existence of orthogonal Latin squares in the 18" century; recall that a Latin square is an
n X n array, filled with numbers from [n], such that each i € [n] appears exactly once in each row and
column. Euler asked for which values of n there exist two n x n Latin squares L, L' with the property
that all n? ordered pairs (Li;, L; j), with 1 <14, 57 < n, are distinct. This problem turns out to have an
equivalent formulation in terms of graph decompositions. Indeed, one can show that Euler’s problem is
equivalent to determining which complete 4-partite graphs K, , ».n have a decomposition Hy,..., H,,
where each H; is a Ky-factor, namely each H; is a collection of vertex-disjoint K4’s, such that each
vertex of Ky, ,.n.n appears in one Kjy.

A large variety of other graph/hypergraph decomposition problems has been studied over the years. A
typical theme for many well-known such problems is to show that some obvious necessary conditions
for decomposing a graph G into copies of Hy,..., H,, are also sufficient. For example, the famous
“existence of designs” question posed in 1853 by Steiner asked to prove that for large enough n, the
complete r-uniform hypergraph ICSIT) has a decomposition into copies of IC,(:) if and only if (’;) is divisible
by (’ﬁ) (which is equivalent to asking that the number of edges of ICq(q,T) is divisible by the number of
edges of IC,(:)) and also that, for i € [r — 1], ("7?) is divisible by (kﬂ.‘) (which is equivalent to asking

r—1 r—1

that the codegree of any i-set of vertices in IC,(I) is divisible by the codegree of each i-set of vertices
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in IC,(:)). The existence of designs problem was solved by Keevash in [16] (see [11] for an alternative
proof). Other recently solved problems include the Oberwolfach problem (decompositions of complete
graphs into cycle factors, see [10, 18]) and Ringel’s conjecture (decompositions of complete graphs into
copies of a fixed tree T, see [21, 17]).

One famous conjecture in the area that is still open and the closest to the problem we will consider
here is the tree packing conjecture of Gyarfas [12]. It says that for any collection of trees Ti,...,T,
where T; has i edges, the complete graph K, 1 can be decomposed into copies of T1, ..., T,. Again the
motivation here is to show that the trivial condition (”;1) =e(Ky) =e(T)+ --+e(Ty,) =1+---+nis
also sufficient for such a decomposition to exist. Some strong results have been proved for this problem
when there is some control over the degrees of T;. Joos, Kim, Kiithn, and Osthus [14] proved the
conjecture when A(7;) < A for all T; and n is large compared to A, and subsequently Allen, Bottcher,
Clemens, Hladky, Piguet, and Taraz [3] proved the conjecture when A(7;) < cn/logn for all T;, for
some universal constant ¢ > 0. But for trees with unbounded degrees, the conjecture is still wide open.
For example, it is not even known if we can find edge-disjoint copies of T,,, 15,1, ..., Tnh—5 in K.

All the problems discussed so far have had the host graph G being complete and the target graphs
Hy,...,Hp, being similar to each other in some way (i.e. we wanted all H; to be copies of IC(T),
or all H; to be cycle factors, or all H; to be trees). In 1987, Alavi, Boals, Chartrand, Erdds, and
Oellerman suggested that some degree of similarity of Hy, ..., H,, can be still achieved without putting
any additional restrictions on G whatsoever aside from the trivial condition that e(G) = e(Hy) +--- +
e(H,,). Specifically, they called a decomposition of G into Hy,..., H,, ascending if e(H;) = i, and
each H; is isomorphic to a subgraph of Hiy1. Since e(H1) + -+ +e(Hp) = (™5, the trivial necessary
condition for the existence of an ascending decomposition is e(G) = (m; 1). Alavi, Boals, Chartrand,
Erdés, and Oellerman [1] conjectured that this is also sufficient.

Conjecture 1 (Alavi, Boals, Chartrand, Erdés, and Oellerman [1]). Every graph G with (m;r 1) edges
has an ascending subgraph decomposition, namely a decomposition Hy, ..., Hp, such that e(H;) =1 and
H; is a subgraph of Hi11.

This conjecture does not prescribe the graphs Hi, ..., H,, in the decomposition as much as the conjec-
tures of, e.g., Gyarfas or Ringel do. However, this is necessary if one wants to prove a decomposition
statement that holds for all graphs. Indeed, if G is a matching, then the only subgraphs it has are
matchings and therefore in any decomposition, all H;’s must be matchings. Similarly, if G is a star,
then in any decomposition, all H;’s must be stars. So, in order for a decomposition result to hold for
all possible host graphs G, the result must allow for using different H;’s for different host graphs.

There are several partial results that find an ascending subgraph decomposition when G lies in a
restricted class of graphs. In [1] the authors verified the conjecture when G has maximum degree
at most 2, using only matchings in the decomposition. After partial results [1, 7, 6] Faudree and
Gould [5] proved that forests have an ascending subgraph decomposition into star forests. The case of
regular graphs was settled by Fu and Hu [9] using linear forests in the decomposition. Faudree, Gould,
Jacobson, and Lesniak [6] proved the conjecture for m sufficiently large and G of maximum degree at
most (2\/§ — 2)m, where the graphs in the decomposition are short paths. This extends a previous
result of Fu [8] who proved the conjecture for graphs of degree at most m /2.

Finding ascending decompositions can be difficult and interesting even for rather specific host graphs.
For example Ma, Zhou, and Zhou [19] proved that a star forest with components of size at least m has



an ascending subgraph decomposition into stars. Here and throughout the paper, the size of a graph is
the number of its edges. This was previously another conjecture of Alavi, Boals, Chartrand, Erdés, and
Oellerman which is appealing due to having an entirely number-theoretic formulation. In this case the
problem is equivalent to saying that for any set of numbers ay, ..., a; > m with a;+- - -+a; = m(m+1)/2
it is possible to decompose the interval [m] into sets Ay, ..., A; with the numbers in each A; summing
to a;. For a comprehensive survey of prior results in this area we refer the reader to [2, Chapter 8].

Our main theorem resolves the ascending subgraph decomposition conjecture for all large enough

graphs.

m—+1
2)

Theorem 2. Let m be a sufficiently large integer. Then every graph with ( edges has an ascending

subgraph decomposition.

As an intermediate step towards proving this theorem, we show if G is a star forest where the i*" star
has size at least min{16007,20(m + 1)}, then G has an ascending subgraph decomposition into stars.
This statement is more flexible than the one by Ma, Zhou, and Zhou [19] (mentioned above), since it
allows for initial stars to be small. This result also has a purely number-theoretic formulation.

Theorem 3. For any set of numbers ai,...,a; with a3 + --- + a; = m(m + 1)/2 and each a; >
min{1600i, 20(m+1)}, it is possible to decompose the interval [m] into sets Ay, ..., Ay with the numbers
in each A; summing to a;.

We also prove the following statement that may be of independent interest. It says that any graph
G with ©(m?) edges and maximum degree O(m) can be decomposed into ©(m) pairwise isomorphic
graphs plus o(m?) edges; see Lemma 21.

Notation. We use standard asymptotic notation throughout. For positive real functions f,g of a
positive variable n we write f = O(g) if the limit limsup,,_,., f(n)/g(n) is finite, and write f = o(g) if
the limit is 0.

Theorem 2 follows by combining Theorem 3 above with Lemma 6 below, which shows that a graph
with (m; 1) edges and maximum degree O(m) has an ascending subgraph decomposition (we sometimes
abbreviate this to ASD). Before describing how we deal with each component separately, let us sketch

how Theorem 2 follows from Theorem 3 and Lemma 6. First note that Theorem 3 implies the following.

Theorem 4. Let G be an edge-disjoint union of stars with (m;rl) edges, where the it" star has size at

least min{16007,20(m + 1)}. Then G has an ascending subgraph decomposition into stars.

Proof of Theorem 2 using Theorem 4 and Lemma 6. Suppose G is an arbitrary graph with
(m;l) edges. Set Gy = G, and repeat the following: for i > 1 let v; € V(G;—_1) be a vertex of degree

at least € ( e(Gi,1)>, if it exists, and let G; := G;_1 \ {v;}. We can continue this process until we
reach a graph G’ of maximum degree O ( e(G’ )>, which by Lemma 6 has an ASD denoted Hy, ..., Hy

for k =~ /2e(G"). A technicality here is that e(G’) might not be a binomial coefficient. However, our
argument gives an ASD also for such graphs, for a natural generalisation of an ASD (see the beginning
of Section 2.2 for the definition). For now let us ignore this technicality and assume that e(G’) is a



binomial coefficient, i.e. e(G’) = (k;rl) for some integer k. Let G = G\ G’'. Then G” is an edge-disjoint
union of large stars, which readily implies that inside G” we can find isomorphic stars Si,..., 8 of
size m — k such that 5’2 is vertex-disjoint of H;. Then we set Gz = H; U S’i, and observe that G‘Z is
isomorphic to a subgraph of éi—i—l- The graphs G1, ..., Gy, will be the last k graphs in the ASD of G.
Finally, by taking some extra care when picking the stars 31-, we may assume that G” — |, S, is still
an edge-disjoint union of large stars, which by Theorem 4 has an ASD into stars St,...,S,_x. These
stars will be the first m — k graphs in the ASD of G, and along with Gl, ey e they yield a complete

ASD of G.

We prove Theorem 2 in Section 2. We next sketch the other two main parts of the proof.

Theorem 4. The proof of this is easiest to explain in the number theoretic formulation given in
Theorem 3. If we assume that m is even (the odd case reduces to the even case), then ) ; a; = 5 (m+1)
is divisible by m + 1. Suppose first that each a; is divisible by m + 1, i.e. a; = A\j(m + 1) for some
positive integer A;, so >, A\; = m/2. Then the sets {z, m + 1 — x}, where x € [m/2], partition [m], and
any A; of them sum to a;. Hence we can set A; to be any A; of these pairs, such that each pair is used
by exactly one A;. We reduce the general case to the above setup by iterating the following procedure:
note that since » a; = 0 (mod m + 1), there cannot be just one a; that is not divisible by m + 1 —
so we have distinct a; and a; which are not divisible by m + 1. Pick z # y € [m/2], with a; =z +y
(mod m +1). Replace a; by a; := a; —x —y, a; by a} :=a; — (m +1— 1) — (m+ 1 —y) and remove
the elements x,m + 1 — z,y,m + 1 — y from [m]. Note that we need here to guarantee a/, a;- > 0. This
is done by appropriately choosing z,y and using the condition of the theorem on the size of the "
component of a star forest. The effect is that we have reduced the number of terms not divisible by
m + 1, and hence, by repeating this procedure we end up in the situation when all a; are divisible by
m + 1, which we already know how to solve. Theorem 4 is proved in Section 2.1.

Lemma 6. Now we sketch the proof that every G with maximum degree at most O(m) has an ASD.
The main idea is to almost decompose G in several stages, so that at each stage the decomposition
consists of “nice” graphs which at the very end can be combined to form an ASD. First, we decompose
edges incident to small degree vertices (namely, at most ¢m for some appropriate constant c¢) into
isomorphic star forests and a remainder that has few edges (cf. Lemma 20). For this step, we first
decompose edges with one large degree vertex and one small degree vertex into isomorphic star forests,
via Lemma 10, then we decompose edges incident to only small degree vertices via Vizing’s theorem
and Lemma 8, and finally we combine the star forests and matchings via Lemma 12. Second, we almost
decompose the edges incident only to large degree vertices into copies of complete bipartite graphs (cf.
Lemma 14). This gives an almost decomposition of G into isomorphic “forests” whose components are
stars and complete bipartite graphs, and each forest contains a large matching (cf. Lemma 21). Third,
by carefully rearranging the graphs in the decomposition, we obtain an “approximate” ASD consisting
of a remainder R of small maximum degree; and graphs (Hy,..., H,/), where each H; has a large
isolated matching (i.e. a matching touching no other edges of H;), and H; is isomorphic to a subgraph
of Hit1 (cf. Lemma 22). In this step it is crucial that we are working with a graph having maximum
degree O(m). If this were not the case, then the graph need not have any large matchings at all. These
will be the basis for the last m’ graphs in the ASD of G. Fourth, in Lemma 23, we randomly remove
an isolated matching M; of each H; so that H; \ M, has the correct number of edges for its position
in the ASD. Let F' = J; M;. Then from a standard concentration bound (Chernoff’s bound) it follows



that each vertex has small degree in F, and hence the maximum degree of F'U R is small. Therefore
we can find an ASD of F'U R into matchings by using a result of Fu [8] about ascending subgraphs
decompositions into matchings of graphs with small maximum degree (cf. Lemma 9). By construction,
the graphs H; \ M; contain a large matching, so that the ASD of F'U R into matchings combined with
Hy\ My,...,Hy \ My, give an ASD of G. The proof of Lemma 6 is given at the end of Section 4.

2 Finding ascending subgraph decompositions

In section 2.1 we prove Theorem 3 about decomposing the interval [m] into sets summing to aq, ..., ax,
for any such sequence with appropriate properties. In section 2.2 we use it to reduce Theorem 2 to
graphs with linear maximum degree.

2.1 Ascending star decompositions

The goal of this section is to prove Theorem 3 (and Theorem 4 which immediately follows from it). We
now introduce some notation. Given a sequence of positive integers aq, ..., axr, we say R C N separates
ai,...,a if there exists a partition I,...,I; of R such that a; = erl@' x. The next lemma is an
equivalent formulation of Theorem 3.

Lemma 5 (Equivalent formulation of Theorem 3). Let k, m be positive integers. Let a1 < ... < a be
a sequence of positive integers such that ), a; = (m;l), and a; > min{16004,20(m + 1)} for i € [k].
Then [m] separates aq, ..., ay.

Proof. Let k' be maximal such that ag < 20(m + 1). Then
m+1\ _ w s KA1\ _ (40K +1
> ;> = >
< ) )_iglal_igllﬁ)m 1600( 5 )_( 9 ),

so k' < m/40. Additionally, k— & < ("')/20(m+1) = m/40. Altogether, k < m/20. This also shows
that a;, > 20(m+1) (otherwise, k = ¥ < m/40 and then ap > (mgrl) /K > 20(m+1), a contradiction).

If m is odd, we set m' := m — 1 and a}, := a, —m > 19(m’ + 1), so that a1,...,ax_1,a) is a sequence
of positive integers summing to (m2+1) such that the i*" term is at least min{1600i, 19(m’ + 1)}, and
then it suffices to show [m/] separates a,...,ax—_1,a). In this case we have k < (m/ +1)/20 < m//16

(using m’ > 4, which follows implicitly from the assumptions).
Thus, from now on we assume that m is even, a; > min{1600¢,19(m + 1)} for i € [k], and k < m/16.

Let Py, :={{x,m+1—2x} :z € [m/2]}. For S C P,,, we say that S separates ay,...,ay if there exists
S’ C S such that |J S separates ay,...,ax; if S’ =S we say S separates the sequence perfectly.

Claim 5.1. Let ay,...,ax be a sequence of positive integers, such that a; = \j(m+ 1) for some positive
integer X;, for every i € [k]. Let S C Py, with |S| > >, X\i. Then S separates aq, ..., ay.

Proof. Since |S| > >, A, for each i € [k] we can pick a set S; consisting of \; distinct sets {z, m+1—x}
from S, so that the sets S; are pairwise disjoint. The elements in S; sum to a;, for i € [k]. O



For n € N let

Tn)={(z,y):1<z<y<m,z+y=n (mod m+1)and x +y < n}.

Claim 5.2. |T'(n)| > min{n/2,m/2} — 1.

Proof. Consider first the case n > m + 1. For x € [m], take y, to be the smallest non-negative number
such that © + y, = n (mod m + 1). Then y, € [0,m], and, since n — z > 0, we have y, < n — z,
showing = + y, < n. Thus the number of ordered pairs (z,y) satisfying = € [m], y € [0,m], z+y =n
(mod m + 1), and x + y < n is at least m. Note that at most one such pair satisfies z = y (using that
m is even and so m + 1 is odd), and at most one pair has y = 0. Hence there are at least m/2 — 1 pairs
(z,y) with x,y € [m], z+y =n (mod m + 1) and = < y. This shows |T'(n)| > m/2 — 1.

If n < m, for each z € [ |(n —1)/2] ] taking y, := n —  shows that |T'(n)| > n/2 — 1. O

Claim 5.3. Let ai,...,a; be a sequence of positive integers, satisfying a; > 3(m + 1) fori € [k — 1],

ap >m+1, and Y, a; = {(m+ 1) for an integer (. Let S C Py, satisfy |S| > m/4+ 2k. Then there is
a sequence by, ..., by such that a; > b; and a; = b; (mod m + 1), for i € [k], which is separated by S.

Proof. We prove the statement by induction on k. For the base case £ = 1, notice that a; = 0
(mod m+1) and thus we can take by = m+1 (and use any S’ C S of size 1, which separates by because
S CPy).

For the induction step, assume that k£ > 2 and that the claim holds up to £k — 1. Since ap > m + 1,
Claim 5.2 tells us that |T'(ax)| > m/2 — 1. Because every x € [m] appears in at most one pair in
T(ax), and S C | Py = [m] the number of pairs in T'(ay) containing an element not in (J S is at
most m — |JS| = m — 2|S| < m/2 -4k < m/2 — 1, showing that there is a pair (z,y) € T'(ax) with
z,yelUs.

Define b, := z + y and let

"o (m+1—x)+(m+1—y) if:c—l—y#m—l—l,
k=1 0 otherwise.

Set 8" := S\ {{z,m+1 -2}, {y,m+1—y}}, and let a := a; for i € [k —2] and a},_; = ap—1 —}_;.
Now apply the induction hypothesis to the sequence af,...,a}_,. To see that it is applicable, notice
that a; > 3(m + 1) for i € [k —2] and a},_; > ap—1 — 2(m + 1) > m + 1. Moreover, we have
Zf:ll a, = 0(m+1) — a — b_,, which is divisible by m + 1. Finally |S'| = |S| —2 > m/4 +2(k — 1).

Hence, by induction, there is a sequence b, ..., b}, which is separated by S” and which satisfies b} < a/
and a; = b, (mod m+1). Set b; :== U] for i € [k — 2], bp_1 := b _; + b}_, and recall that b, = z + y.
Then the sequence by, ..., b is separated by S, which proves the induction step. O

Claim 5.4. Let ai,...,a; be a sequence of positive integers with a; > 3(m +1) and ), a; = {(m + 1),
for some integer . Let S C P, with |S| > max{{, m/4 + 2k}. Then S separates ai,...,a.

Proof. Let by,...,b; be a sequence as in Claim 5.3, and let S’ C S be a set that separates this sequence
perfectly. Since pairs in S add up to m + 1, this tells us that |S’| = #H Yores T = #H > bi. Using



that a; — b; is divisible by m + 1, we can write » ,(a; — b;) = £/(m + 1) for an integer ¢'. Since |S| > ¢
we have |[S\ S| = [S| — |9 = |S] — #Hzlbl =|S|+¢ — ﬁziai = |S|+¢ —¢ >/, and thus
Claim 5.1 shows that S\ S’ separates the sequence ay — by, ..., ar —bg. Hence S separates aq, ..., ay, as
desired. Indeed, since S’ separates by, ..., by, we have disjoint subsets I; C |JS" with Y I; = b;. Since
S\ S’ separates a3 — by, ..., ar — bg, we have disjoint subsets J; C |JS\ S’ with }_ J; = a; — b;. Now

the sets I; U J; C |J S satisfy the definition of S separating a1, ..., ak. O

Claim 5.5. Let a; < ... < ay be a sequence such that a; > min{167,3(m+1)} for every j € {i,...,k},
and let S C P,,. Let i € [k] and ¢ be an integer such that Zf:z a; = ¢(m+1). Assume that |S| > £,
and £ > max{m/2 —4i+1,m/4+4(k —1),5(k —i+1)}. Then S separates a;,...,a.

Proof. We prove the claim by induction. For the base case i = k we have a; = £(m + 1), and then any
S C Py, with |S| > ¢ separates ay.

For i < k, if a; > 3(m+1) the claim follows from Claim 5.4 (using the assumption |S| > m/4+4(k —1i),
since the length of the sequence is k—1), so we may assume otherwise. Thus |T(a;)| > min{a;/2, m/2}—
1 > 8 — 1 (using Claim 5.2 for the first inequality, and a; > 16i and ¢ < k < m/16 for the second
inequality). Notice that every x € [m] is in at most one pair in T'(a;). Hence, the number of pairs
(z,y) € T(a;) containing an element from [m]\J S is at most m—|[|J S| =m —2|S| <m—2¢ <8 —2.
It follows that there is a pair (z,y) € T(a;) with xz,y € [ S.

Define a} :=a; —x —y. If x +y #m+ 1, define a) :=ap — (m+1—2) — (m+1—y) (and otherwise

set a}, := ay). Notice that a; > Ek(z.fl) > 5(m+1), so aj, > 3(m+1).

Moreover, since a, € {0,m + 1,2(m + 1)}, we can separate a; by using (at most) two pairs from
S\ {{z,m+1—z},{y,m+1—y}}. Let S’ be the remainder of S\ {{z,m+1—z},{y,m+1—1y}}.

Let biy1, ..., by be the non-decreasing sequence obtained by permuting the elements a;y1,...,ax—1, aj.
Then b; > min{16j,3(m + 1)} for all j € [i + 1,k] (let ¢ be such that by = a). For j > t we have
bj > by = aj, > 3(m+1). For j <t we have bj = a; > min(167,3(m + 1))). We will now show that S’
separates b;;1,..., b, implying that the original sequence a;,. .., ay is separated by S.

Observe by the definition of S that 3, | ;<; bj = ¢/(m+1) with £’ an integer such that [S'| > ¢' > £—4.
We thus have

m/2—4i+1—4=m/2—4(Gi+1)+1
0> m/d+4(k—i)—4=m/d+4(k— (i+1))
5(k—i+1) —4>5(k—1).

Hence the conditions of the induction hypothesis hold and, by induction, S’ separates b;11,...,bg, as
required. O

We now prove the lemma by verifying the conditions of Claim 5.5 for ¢ = 1, £ = m/2 and S = P,,.
Recalling that k& < m/16, we have { = m/2 > max{m/2—4-1+1,m/4+ 4(k — 1),5k}, as required for
the claim. Hence by Claim 5.5 the theorem follows. Ul

2.2 Proof of main result

An ascending subgraph decomposition of a graph G with e edges, where (’;) <e< (m; 1), is a de-

composition of G into graphs Hiy,..., Hy, such that H; is isomorphic to a subgraph of H;;; and



e(H;) < e(H;41) < e(H;) + 1. Specifically, writing ¢t = e — ('}') (so 1 <t < m), we have

1 1<t
1—1 1>1¢.

ettt = {

In the next section we will prove the following lemma, showing that graphs with roughly m?/2 edges
and maximum degree O(m) have an ASD.

Lemma 6. Let ¢ = 10° and m sufficiently large. Suppose that G is a graph satisfying e(G) €
(M), (™3] and A(G) < em. Then G has an ascending subgraph decomposition.

We use this lemma to prove our main result, Theorem 2.

Proof of Theorem 2 using Lemma 6. Let ¢ = 10° (as in Lemma, 6), let mq be such that Lemma 6 holds
for m > myg, and let m > m%.

Let Gp = G and let vy,...,v; € V(G) be such that v;y; has maximum degree in G; :== G — {vy,...,v;}
and satisfies d;+1 := dg, (viy1) > cy/e(G;), for i € [0,k — 1]. Suppose that this is a maximal sequence
with this property i.e. that A(Gk) < ¢y/e(Gr). We may assume k > 1 since otherwise we are done

by Lemma 6. Note that d; > -+ > d, di > c\/(m;rl) > m, and e(Gk_1) > 1 since otherwise

A(Gg-1) < v/e(Gg—1) and we would get a sequence of length k — 1, contradicting maximality.
We claim that the sequence dy, ..., dy satisfies d; > ¢(k — i + 1). This follows by induction on i. The
initial case ¢ = k holds because dj, > ¢ - \/e(Gg—1) > c. For i <k — 1, using the induction hypothesis,

k

di >C\/6(Gi_1) > c Z dj (1)

j=it+1

k

S h—j+1)=c c(k_;+1) > ek —i+1).

j=it+l

AV
o

For i € [k], let S; be the star rooted at v; with edges in G;_1, so that e(S;) = d;.

If e(G) = 0, then E(G) = |, £(S;) and the theorem follows from Theorem 4 to the sequence dy, . .., d.
Indeed, notice that the ™ element in this sequence, namely di1_;, satisfies dgy1_; > ct > 16007, so
the theorem is applicable. Suppose e(Gy) > 1. We will build an ASD of G in the following way: given
an edge decomposition of G and a graph H; in the decomposition, we will find a large substar S;
among S1, ..., Sy that has several edges not used yet which are vertex disjoint from H; and pick G’ of
appropriate size so that H; C G, C H; U S;. Then all the remaining edges will be substars of Sy, ..., Sk,
and they can be decomposed using Theorem 4.

Let 1 <t < m —1 be the integer such that (;) <e(Gg) < (tgl), 50 A(Gg) < e/e(Gy) < ¢4/ (tgl) < ct.
Let Hyq1,...,Hy be an edge decomposition of Gy as follows. If ¢ > mg, then by Lemma 6 Gy has
an ASD consisting of ¢ graphs, in which case set r := m — t and let H,11,...,Hy, be an ASD of
Gp. Otherwise, set r := m — e(Gy), and let Hy11,..., Hy, be a decomposition of Gy, into individual
edges. Note that, by definition, each H; has at most j — r edges. Also observe that in both cases



e(G\ Gi) < 2mr. Indeed, if r = m — t, we have

e(G\ Gy) < (m“> <t) . (’”;1> 4 (r+ D (m—7) < (r+ Dm < 2rm.

Otherwise, r > m — (mo) > m/2, using m > m3, and so (G \ G) < 2mr.

Claim 6.1. Let h =

< r
h

Proof. Let k' be maximal such that dys > 4mh. Then from e(G \ Gi) < 2mr and the lower bound
e(G\ Gg) > K'dy, we have k' < & If t > ™ then dj, > c\/(™/?) > 9 > dmh, so k= k' < I

So, we may assume that ¢ < . Then r > 7, using that » > m/2 if r # m — ¢, and so e(G \ G) <
2mr < 4r2. On the other hand by (1), we have e(G\Gy) > 3%, di > SF L c(k—it+1) > L(k—K)2

8.2 _
Thus k — k' < /Sr2 = 5. O
We define stars S’TH, cee S’m contained in S U --- U .S, inductively as follows. Let
{Sl\(zHU US’m) Sk\<z+1u U§m>}

be a star of maximum size, and let S; be a substar of T; \ V (Hj;) of size i — e(H;) (this is possible by
the following claim).

Claim 6.2. e(T; \ V(H;)) >i—e(H;) +20(r + 1).

Proof. Let i € {r,...,m}, and assume that the stars S’Z‘+1, ..., S, were defined as above. Then

e(S1U...US,) —e(Siy1U...USy) = <m2+1> —e(Gr) = Y (j —e(H)))

J=i+1
m m m m
=Y g > elH) = Y g+ Y elH)
j=1 j=r+1 J=i+1 j=i+1
i+ 1 :
~("31) - X e
Jj=r+1
i+1 ‘N
> < 5 ) - (j—r)

using the bound k < 7. Hence



e(T; \V(H,)) — (i — e(H;) +20(r + 1)) > e(T;) — e(H;) — i — 20(r + 1)

Zh(i—§>—(i—r)—i—20(r+1)

2(h72)i—%—40r
h h
z(h—z)r—;—40r:r<2—42> > 0.

Here we used that the centre of 7; is not in H; and |V (H;)| < 2e(H;) for the first inequality, that
e(H;) < i —r for the second inequality, and that A > 100 for the last inequality. This proves e(T; \
V(H;)) >i—e(H;) +20(r + 1), as required. O

Define G; := S;UH; for i € [r+1,m], so e(@i) = 4. Observe that the graphs GT+1, oo, Gy are pairwise
edge-disjoint and cover all but (T'gl) edges of G, and all uncovered edges lie in S; U...USy. For i € [k]
let S] = Sk_it1\ U;”:TH G;. Note that if some edges of the star S; were used by Syy1,..., Sy, then
in the end of the process it still has at least 20(r + 1) edges. Otherwise, by (1) the size of the star
S; remains d; and is thus at least ¢(k — j + 1). Either way, e(S}) > min{20(r + 1), ci}. Hence, by

Theorem 4, there is a decomposition of the last (rgl) edges into stars Gy, ..., G, with e(G) = 1.

We claim that G4, ..., Gy, is an ASD of G. Indeed, first notice that e(Gj) = i. Next, we confirm that
G; is isomorphic to a subgraph of G;41, for i € [m — 1]. This clearly holds when ¢ € [r — 1], because
both G‘Z and Gi_l,_l are stars. Next, notice that e(H;) = 1, and thus Gr—‘,—l is the disjoint union of a star
of size r and an edge, implying that G, is isomorphic to a subgraph of Gr+1'

Finally, recall that H; is isomorphic to a subgraph of H;+1 and e(H;+1) € {e(H;),e(H;) + 1} for
i € [r+1,m —1]. Since S; is a star of size j — e(H;), for j € [r + 1,m], it follows that either

N N ~ A

e(Hi+1) = e(H;) and e(S;41) = e(S;) + 1, or e(H;41) = e(H;) + 1 and e(S;+1) = e(S;). Either way,

G; = S; U H; is isomorphic to a subgraph of Si—i—l UHjy = Gi+1, for i € [r + 1, m — 1], completing the
proof that G1,..., Gy, is an ascending subgraph decomposition of G. OJ

3 Preliminary lemmas

In this section we prove various preliminary lemmas that will be used in the proof of Lemma 6, which
shows that graphs of linear maximum degree have an ascending subgraph decomposition.

At the end of the proof of Lemma 6 we will need to use the Chernoff bound.

Theorem 7 (Chernoff Bound, [13, eq. (2.9) and Theorem 2.8]). Let X be the sum of n mutually
independent indicator random variables. Then, for everyt > 0,

2t2

P(X >E[X]+t] <e v,

3.1 Matching lemmas

In this section we prove some lemmas related to matchings. Several of these have appeared in the
literature, but we include the proofs here for completeness.
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We say that two sets have almost equal size if their sizes differ by at most one. The next lemma shows
that a collection of edge-disjoint matchings can be rearranged so that the matchings have almost equal
size.

Lemma 8 (cf. [4], [20]). Let M, ..., My be a collection of pairwise edge-disjoint matchings in a graph
G. Then there is a collection M7, ..., M, of pairwise edge-disjoint matchings of almost equal size such
that UMz = UM{

Proof. Without loss of generality |M;| < ... < |My| and suppose |My| > |M;| + 2 since otherwise we
are done.

The connected components of M; U My, are paths and even cycles, such that in both cases consecutive
edges belong to different matchings. Notice that in even paths and cycles the number of edges belonging
to each of the two matchings is the same. Hence, there is a connected component P that is an odd path
whose first and last edges lie on Mj,. Swap the edges of My, My, on P and let M{, M be the resulting
matchings. Then |[M{| = |Mi|+ 1, |M}| = |M}| — 1 and M{, M}, are edge-disjoint.

If the matchings M{, My, ..., M_1, M} are not almost equal, iterating the above argument either
decreases the maximum difference in size between two matching, or decreases the number of pairs
of matchings whose difference in size is at least 2 and maximum. This procedure must eventually
terminate, yielding a collection of almost equal matchings decomposing My U ... U M. O

Next we use Vizing’s theorem together with Lemma 8 to prove that graphs with small maximum degree
have ascending subgraph decompositions into matchings; this fact was (essentially) already proved by
Fu [8].

Lemma 9 (cf. [8]). Let G be a graph with e edges, where (7;) <e< (m;—l), and suppose that G has
mazximum degree at most |m/2| —1. Then G has an ascending subgraph decomposition into matchings.

Proof. Let t = e — ('}) < m. By Vizing’s theorem we can decompose E(G) into at most [m/2]
matchings. Thus, as the following calculation shows, there exists a matching M™* of size ¢: LTG/QJ >

% =m — 1. Let G’ = G — M*, so that ¢(G’) = ('y). We now consider two cases based on the parity

of m.

If m is even, by Vizing’s theorem and Lemma 8, we can decomposes G’ into matchings M, ..., M,, /2
of size m — 1 each. Let Hy,—1 := M, 5. For i € [m/2 — 1] let H; consist of i edges from M; and let
Hp,—i—1:=M;—H;. Then (Hy,...,H;1,M* Hy,..., Hy_1) is an ascending subgraph decomposition.

If m is odd, by Vizing and Lemma 8, there is a decomposition of G’ into matchings My, ... s Mim—1)/2
of size m each. For i € [(m — 1)/2] let H; consist of i edges of M;, and let H,,—; := M; — H;. Then
(Hy,...,Hy_1,M* Hy,...,Hy_1) is an ascending subgraph decomposition of G. O

The next lemma is a generalisation of Hall’s theorem, that in our context yields a decomposition of a
bipartite graph into isomorphic star forests and a graph of small maximum degree.

Lemma 10. Let H be a bipartite graph with bipartition {X,Y} such that d(x) < d for every x € X.
Then H can be decomposed into (SF1,...,SF4, R), where the SF;’s are isomorphic star forests of at
most |Y'| components whose stars have size at most A(H)/d, and A(R) < d.

11



Proof. Let Y71 be the set of vertices in Y of degree at least d. Let R be a subgraph of H consisting
of d(y) (mod d) < d — 1 edges through each y € Y, noting that it contains all edges through Y \ Y;
and has A(R) < d. Moreover, the degrees of all the vertices from Y7 in graph H \ R are divisible by
d. We define a new bipartite graph H' as follows. For each y € Y7, introduce vertices vy, ..., Yl d(y)/d|
and set Y’ = U ey, {91, - -+, Yjd(y)/a) }- Let the two parts of H' be X and Y”. For the edges of H', split
N\ r(y) into disjoint sets Ni, ..., Ny(,),q of size d, and join each y; to all the vertices in N;. This way,
contracting each set {y1,...,¥|d(y)/q4)} into a single vertex turns H' into H \ R.

Notice that H' is a bipartite graph with maximum degree at most d. Then by Konig’s theorem, E(H’)
can be decomposed into d matchings M, ..., My. Since all vertices in Y’ have degree exactly d, each
matching uses precisely one edge incident to each g;. Thus, each matching M; corresponds to a star
forest SF; in H whose stars are centred at Y7 and such that the star centred at y has size |d(y)/d],
for y € Y. In particular, the star forests SFy,...,SF4 are isomorphic, have |Y;| components, and their
stars have size at most A(H)/d. O

3.2 Combining graphs

A graph G is r-divisible, if for every graph H, the number of connected components of G which are
isomorphic to H is divisible by r. Note that every r-divisible graph G can be edge-decomposed into r
isomorphic vertex-disjoint subgraphs, consisting of a 1/r fraction of components belonging in the same
isomorphism class. Use G/r to denote the isomorphism class of these graphs. In this section we prove
two lemmas that will be used to combine divisible graphs with stars and matchings.

The following lemma is used for combining divisible graphs with stars.

Lemma 11. Let H be 4-divisible, S a star of even size, and G have a decomposition (H,S). Then
there is a decomposition (Hy,...,Hy,S1,...,S4) of G such that: H;,S; are vertez-disjoint for i € [4];
each of the graphs Hy, ..., Hy is isomorphic to H/4; and S1,...,Sy are stars with e(S1) = e(S)/2.

Proof. Let (Hi,...,Hy4) be a decomposition of H into four copies of H/4. Without loss of generality,
the centre c of S is not in H; U Ho U Hs. Order Hy, Ha, Hs so that |V(S)NV (H;)| < |[V(S)NV(Hy)| <
|[V(S) N V(Hs)|, noting that this gives |V (S) NV (Hy)| < e(S)/3. Then |V (S)\ V(H;)| > 2¢(S5)/3,
so we can pick a star S7 of size e(S)/2 disjoint from H;. Let Sz be the subgraph of S\ S; whose
edges touch Hs, let S3 = S\ (51 U S2), and set Sy = (). Then H;, S; are vertex-disjoint for all i: for
i € {1, 3,4} this is trivial by construction; and for ¢ = 2 this happens because Hy, H3 are vertex-disjoint
and V(S2) C V(Hs) U{c}. O

For graphs Hy, Hy and integer a, the sum Hi + Hs is the disjoint union of H1 and Hs and a - Hy is the
disjoint union of a copies of Hj. The next lemma combines divisible graphs with matchings.

Lemma 12. Let £, aq,...,ax be positive integers. Let F, ..., Fy, H be graphs satisfying H = 5ay - F1 +
...+ bay - Fy, and let M be a matching of size 50. If

k
Inb
(> Z VE)P, (2)
-

then there is a decomposition of M U H into five graphs, each of which is isomorphic to H/5+ M/5 for
i€ [5].

12



We now state McDiarmid’s inequality, which will be used in the proof of the last lemma.

Theorem 13 (McDiarmid’s inequality). Let Xi,...,X,, be independent random variables with X;
taking values in a set S;. Let f : Hie[m] S; — R be a function such that for any x,x’ € Hz‘e[m} Si

differing only at the k™ coordinate we have

[f(x) = f(x)] < e,

for some c, € R. Then, for everyt > 0,

2
P[f(X1>~-7Xm> < E[f(thXm)] _t] < exp <_2:kiflclzc>

Proof of Lemma 12. For each j € [k] partition the components of H isomorphic to Fj into a; sets of size
5 each. Permute uniformly at random the five copies of F} in each set and for j € [k], s € [a;] let X ¢
be the resulting random permutation for the s set of copies of F . This defines a random partition of
H into five graphs Hy, ..., Hs, where H; consists of the copies of Fi,..., F} at the i*® position in each
set, and so H; & H/5. We will show that, with positive probability, every H; is vertex-disjoint of more
than 2¢ edges of M.

For e € M, i € [5], let Y, be the indicator random variable for the event that e does not share a vertex
with H;. Then E[Y] > 3/5, since the endpoints of e can lie on at most two of the graphs Hy, ..., Hs.
Let Y; = 3", c) Yi¢ be the number of edges in M that H; is vertex-disjoint of. Then E[Y;] > 2 |M| = 3(.
Observe that the random variables V¢ and hence Y; are determined by (X s)je[x],sc[a;)- Changing the
value of X, for one pair (j,s) changes the value of Y; by at most |V (F})|. Hence, by Theorem 13
(McDiarmid’s inequality),

202
PY, <2 <P|YV;<EY;] /¢ <exp| — ,
Y= 2] < Pl < Bl —(] p( zﬁlaﬂijn?)

which is less than 1/5 for ¢ > \/1“75 > |V(F})|>. By taking a union bound over i € [5] we deduce

that there exists a decomposition of H into Hy,..., Hs such that each H; is isomorphic to H/5 and is
vertex-disjoint of more than 2¢ edges of M.

Consider the bipartite graph G with bipartition (M,H), where H consists of ¢ copies of each H;, so
|M| = |H| = 5¢. For e € M, H; € H, put eH; € E(G) if and only if the edge e is vertex-disjoint of
the graph H;. Then we have dg(e) > 3¢ and dg(H;) > 2¢ for all e € M, H; € H. It is easy to see
that G satisfies Hall’s condition: if S C M has |S| < 3¢, clearly |N(S)| > 3¢ > |S|; and if |S| > 3¢,
then |S| > |M| — dg(H;) for all H; € H, so N(S) = H. Hence G has a perfect matching. This gives a
decomposition of M U H as follows: let GG; be the union of H; and the edges of M that are matched
with the copies of H; in G. Then G; = H/5+ M/5, and so (G4, ..., Gs) satisfies the requirements of
the lemma. O

3.3 Almost decomposing dense graphs into K, ;-forests

An F-forest is a disjoint union of copies of F. The aim of this subsection is to prove the following
lemma, which almost decomposes a dense graph into isomorphic K ;-forests.
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Lemma 14. Let t > 1 be a fixed integer, let n be a large integer, and let k be an integer satisfying
n

Vi <k< t?% Suppose that G is a graph on n vertices. Then G can be decomposed into k isomorphic
K -forests and a remainder of at most 4n? [\t edges.

The proof will use the following result due to Pippenger and Spencer [22]. For a hypergraph H and
v € V(H), the degree of v, denoted d(v), is the number of edges incident to v. We denote the maximum
degree of H by A(H) and the minimum degree by §(#H). For u # v, the codegree of u,v, denoted by
d(u,v), is the number of edges incident to both u and v. A matching in a hypergraph is a collection of
pairwise vertex-disjoint edges.

Theorem 15 (Pippenger—Spencer, [22, Theorem 1.1]). Let r be a positive integer and p > 0. Then for
sufficiently small v > 0 and for sufficiently large n the following holds. If H is an r-uniform hypergraph
on n vertices with §(H) > (1 — v)A(H) and d(u,v) < vA(H), for all distinct u,v € V(H), then there
is a decomposition of H into at most (1 + p)A(H) matchings.

In fact, we shall need the following easy corollary.

Corollary 16. Let r be a positive integer and u > 0. Then for sufficiently small v > 0 and for
sufficiently large n the following holds. If H is an r-uniform hypergraph on n vertices with d(u,v) <
vA(H), for all u,v € V(H), then there is a decomposition of H into at most (1 + u)A(H) matchings.

Proof. Write d = A(H). We will embed H in a d-regular hypergraph H' with the same maximum
codegree as H. Take r copies of H and add an edge through all copies of v € V(H) for any v with
d(v) < d. This increases the minimum degree of the hypergraph by 1, does not increase the codegree
(pairs of copies of v have codegree 1) and does not increase the maximum degree. By repeating this
construction at most d — 1 times we obtain a hypergraph H' as desired.

Apply Theorem 15 to H' to decompose it into at most (1+x)d matchings. This induces a decomposition
of H into at most (1 4 u)d matchings, as required. O

Our proof will also use the following simple version of the classical Kévari-Sos—Turan theorem.

Theorem 17 (K&vari-Sés—Turdn). Let t be a positive integer and n be sufficiently large. Let G be a
graph on n vertices with no subgraph isomorphic to K. Then G has at most n2=Yt edges.

Finally, recall that a projective plane of order p is a (p + 1)-uniform hypergraph on p? + p + 1 vertices,
also called points, with p? + p + 1 edges, also called lines, such that any two lines meet at exactly one
point and any two points lie in exactly one common line. There exist constructions of projective planes
of order p for any prime (see e.g. [15, section 12.4]).

The main step in the proof of Lemma 14 is the following lemma, which almost decomposes a dense
graph into a small number of K ;-forests (whose sizes may differ).

Lemma 18 (decomposing into Ky -forests). Fiz a,t > 0 and let n be large. Suppose G is a graph on

n vertices with e(G) > an®. Then G can be decomposed into at most 2n/t many K -forests and a

2—1/2t

remainder of at most 45n edges.
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Proof. Use Bertrand’s postulate to pick a prime p € [y/n,2+/n], and let P be a projective plane of order
p with ¢ = p? + p + 1 points and lines. Let f be an injection from V(G) to the points of P, and for
J € [q] let H; be the subgraph of G consisting of edges uv such that f(u), f(v) both lie in the j-th line
of P. Observe that Hi, ..., H,; decompose G, since for any uv € E(G), a unique line of P goes through
f(u), f(v). Moreover since each line of P has size p+ 1, |[H;| < p+1 < 3y/n.

By the Kévari-Sés-Turdn theorem (Theorem 17), we can greedily remove copies of K;; from each
graph Hj, until there are at most |H. j|271/ " edges left. Let K be the collection of K 4-copies removed

in this process. In total, the K, ;-copies in K cover all but at most

q
Z ‘H]|2—l/t S 4:5771271/2t7
j=1

edges of G, using that ¢ < 4n+2y/n+1 < 5n.

Let H be the 2t-uniform hypergraph on V(G) where a set U of 2t vertices is an edge if and only if it is
the vertex set of a K;; copy in K. Notice that the edges incident to a vertex v split into at most n/t
stars of size ¢, so each vertex is covered by at most n/t copies of Ky, i.e. A(H) < n/t. Moreover, since
the number of edges covered by K ;-copies in K is at least e(G) — 45n>~ 1%t > an?/2, some vertex v
has at least an incident edges in the decomposition, and hence, since each K;; covers ¢ edges incident
to v, v lies in at least % copies of Ky in K, i.e. A(H) > 2.

For any two vertices u,v, the only copies of K;; in K that can cover both v and v lie in the graph
H; corresponding to the unique line through f(u), f(v). The number of K;;-copies in K that lie in
H; and contain w,v is (crudely) at most the number of edges incident to u in H;, which is less than
|Hj|. Thus, there are at most |H;| < p+ 1 < 3y/n copies of K;; that contain both u,v. It follows
that the codegree of H is at most 3v/n = o(A(H)). Hence, by Corollary 16, we can decompose H into
at most (1 4+ u)A(H) < 2n/t matchings. This corresponds to a partition of the above approximate
K 4-decomposition of G into at most 2n/t many K ;-forests. O

The next proposition tells us that given ¢ parts of arbitrary size, we can further partition each part,
to obtain a total of k parts of equal size and a small number of unused elements, provided that k is
sufficiently larger than £. We will apply it to prove Lemma 14.

Proposition 19. Let ¢, k,s1,...,s¢ be positive integers satisfying y . s; > k + {. Then there ezists a
positive integer s and non-negative integers o1,...,00 such that o;s < s; fori € [{], >, 0 = k and

Zisi—skgﬁzisi—i-k:.

Proof. Let s := Y, si/(k+0)], let s} € [s; — s+ 1, s;] be divisible by s (notice that there is a unique
such s) for i € [¢]. Write o] = s /s for i € [{].

Clearly, s < >, s/(k +¢). Equivalently, sk < Zle si—sl=3,(si —s) <) ,s;. By dividing both
sides by s, it follows that >, o} > k, which implies that we can pick o; € [0, 0}] such that ), 0; = k.
Note that o;s < ols = s, < s; as required. As s > . s;/(k+¢) — 1,

Zii / ¢
;si—ks§¥si—k<k+5£—l> :M;si+k§k;si+k.

Thus o1, ..., 0y, s satisfy the requirements of the proposition. O
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We now prove the main lemma of this subsection.

Proof of Lemma 14. Suppose e(G) > %, since otherwise we can fit all edges of G in the remainder.
Apply Lemma 18 to G, to obtain a decomposition of G into Ky -forests KFy, ..., KF,, with ¢ < 2n/t,
and a remainder of at most 45n2~1/2t edges. Let s; be the number of K;;-copies in KF;. Then ZZ S;
is the number of edges of G covered by |J; KF;, divided by #*. Thus

e(G) —45m>~ 2% e(GQ) _ 2n? n?  2n
P> > > >—4+—>k+ L.
;3— 2 "o eyt T
Therefore, by Proposition 19, there exist non-negative integers o1, ..., oy, s such that o;s < s; for i € [¢],
>.;0i =k and
l 2n/t n? n?  3n?
;(Si—gis):;&—Skﬁk;si-*—kﬁn/\/i't2+t5/2:t5/27 (3)

where the second inequality follows from the bounds on ¢, k and the fact that ), s; < n?/t2.

Let KF; ;, with ¢ € [¢] and j € [0;], consist of s different copies of K;; from KF;, such that the KF; ;’s
are pairwise vertex-disjoint (this is possible because KF; consists of at least o;s copies of K;;). Since
>, 0i =k, the collection (KF; ;) consists of exactly k many K, -forests, which all have the same size.
By (3) and the fact that KFy, ..., KF, cover all but at most 45n2~1/2¢ edges of G, the number of edges
in G uncovered by (KF; ;) is at most

using that n is large. The collection (KF; ;) satisfies the requirements of the lemma. O

4 Ascending subgraph decompositions for graphs with linear maxi-
mum degree

In this section we prove Lemma 6, asserting that graphs with linear maximum degree have ascending
subgraph decompositions.

In Lemmas 20 to 22 we will successively get finer edge decompositions of a graph with linear maximum
degree.

Lemma 20. Let ¢ € (0, %) be fized, set ¢ := 10%, and let m be sufficiently large. Suppose that G
is a graph with A(G) < em and e(G) < m2. Then for every k € [em,m] there is a decomposition
(Hi,...,Hg, R, R2) of G such that H; are isomorphic star forests, having components of size at most
s=[5ece], e(R1) < em? and |V(Ry)| < sm.

Proof. Take k' := [k/5]. Let L be the set of vertices in G with degree at least k', and let S := V(G)— L.
Then m? > e(G) > £ 3", d(v) > K'|L| /2, so |L| < 2m?*/K < 10me~! < sm.

Apply Lemma 10 (with X = S|Y = L,d = k) to obtain a decomposition (SF1,...,SFx, Ry) of G[S, L]
where the SF;’s are isomorphic star forests with at most |L| < sm components, stars of size at most
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em/k' < 5ce™! < s, and Ry has maximum degree less than k’. Set R := Ry U G[S], and observe that
the maximum degree of R is still less than &' (i.e. A(R) < k' — 1), since adding the edges of G[S] can
only affect the degree of vertices in S, which even in G have degree at most ¥’ — 1. Let SF be the
isomorphism class of the SF;’s. We assume that SF is 5-divisible, by removing up to four components
of each size from each SF; (these components will be placed in Ry at the end of the proof).

If e(R) < e2m?, split each SF; into five copies of SF /5, denoting the collection of copies thus obtained
by Hi,...,Hs,. Otherwise, using Lemma 12, we will define Hy,..., Hs; to be a collection of graphs
consisting of the union of SF; and a matching in R. We construct this collection as follows. Apply
Vizing’s theorem and Lemma 8 to decompose R into almost equal matchings My, ..., M. By removing
up to five edges from each M;, we may assume that the M;’s have the same size and are 5-divisible.
Denote the isomorphism class of the M;’s by M, and notice that e(M) > e2m?/k’ — 5 > m?/3. Next,
in order to apply Lemma 12 to obtain a decomposition of each M; U SF;, we verify (2). Recalling that
the number of components in SF is at most sm and each has size at most s, we see the right hand side
of (2) is upper bounded by v/s3m = o(m?/3). Hence Lemma 12 implies that each graph M; U SF; can
be decomposed into five copies of M /5 + SF /5. Using this decomposition for each M; U SF;,i € [K],
denote the collection of copies of M /5 + SF /5 obtained by Hi, ..., Hs.

Let Ry := G[L], so |V(Rz2)| < sm by the calculation at the beginning of the proof. Let R; be the
subgraph of G — G[L] spanned by the edges uncovered by Hi,...,H;. Then R; consists of the (at
most bk’ — k < 4) graphs Hy,1, ..., Hsps, which in total cover at most 4m?/k < 4m/e edges; any edges
we removed from U; SF; and U;M; for divisibility purposes; and all edges of R if e(R) < e2m?2. For
the second contribution, since the components of SF are stars of size at most s, there are at most s
potential component sizes, each contributing at most s deleted edges. Hence we removed at most 4s?
edges from each SFj;, so the total contribution to Ry is 4s?k’; and we removed at most 5k’ edges from
U;M;. Altogether, e(Ry) < em?. Therefore (Hy, ..., Hy, Ry, R2) is a decomposition of G satisfying the
required properties. O

Next, we almost decompose the part with linearly many vertices above (namely Ry in Lemma 20) and
combine them with the isomorphic graphs obtained in the previous step, to decompose the whole graph
into isomorphic graphs with some nice properties and a remainder with few edges.

Lemma 21. Fiz constants € € (0,%) and r € N, set ¢ := 105, ¢t := [671206—‘2 and suppose m is
sufficiently large. Let G be a graph satisfying A(G) < em and e(G) < m2. Then for any k € [em,m)]
there is a decomposition (Hy, ..., Hi, R) of G such that: the H;’s are isomorphic, r-divisible, and their

components have size at most t; and e(R) < em?.

Proof. Let t' := Vvt and s = [5 5*201, and notice that we have t' > ¢ 12¢6 > cse=%. Moreover as
r,c,t, e are fixed and m is large enough, m is larger than any fixed function of r, ¢, ¢, €.

Apply Lemma 20 (with 99 = £2) to obtain a decomposition (SFi,...,SF, R1, Ro), where the SF;’s are
isomorphic star forests whose stars have size at most s; e(R1) < e2m?; and |V (Rz2)| < sm. Let SF be
the isomorphism class of the SF;’s.

If |[V(Ry)| < t3/4/m, then e(Ry) < |V(R2)|* < t3/2m < £2m?2. Let H be the subgraph of SF that
results from removing at most r — 1 stars of each size from SF, so that H is r-divisible. Let H; be a
subgraph of SF; with H; = H, and R3 = |J; SF; \ H;. Since there are at most s sizes of stars in SF and
the largest star has size s, e(R3) < ks*r < ms?r < e2m?. Then R = R; U Ry U R3 consists of the edges
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of G uncovered by Hy,..., Hy, and has size at most 3¢?m? < em?. Hence, since H consists of stars of
size at most s < ¢, the decomposition (Hj, ..., Hi, R) satisfies the requirements of the lemma.

Thus for the remainder of the proof we assume |V (R2)| > t3/4/m. In this case we will first apply
Lemma 14 to decompose Rg into Ky p-forests. Then, by removing a few components from this decom-
position and from each SF;, we can combine each Ky y-forest with a SF; to obtain a decomposition as
in the lemma.

We apply Lemma 14 (with G14 = Rg, t14 =t/ k1a = k, n14 = |V(R2)| € [t3/4\/ﬁ, sm]) to decompose
Ry into k Ky y-forests. This can be done because our k satisfies the conditions of the lemma. Indeed,

V(R < t3/%m sm s V(R
(tl)5/2 = ¢5/4

The lemma gives a decomposition (KFq,..., KFy, R3) of Ry such that: the KF;’s are isomgphic £7t/—
forests, and e(R3) < 4|V\(/}ti,2)‘2 < 45\2/%72 < £2m? (using that ¢ = 10° and #' > cs*e™*). Let KF be the
isomorphism class of the KF;’s. By moving fewer than r components from each KF; to Rs, we may
assume that KF is r-divisible; this increases the size of Rz by at most r(t')?k = rtk < rtm < £2m?, so

Rs5 has a total size at most 2e2m?.

> m > k and we also have k > em >

the lower bound on |V(Rgz)| implies

For x € [s], let ¢; be the number of components of size « in SF. Notice that

e(KF) 2¢(KF) _2m? 2m _ &
[V(KF)| =2t ()2 - t < Lt < = = T2 (4)

If ¢, < e2m/s?, set ¢, := 0. Otherwise, take ¢, to be the largest integer which is divisible by r and is
at most ¢, —e2m/s?. Observe ¢, > ¢, — 2e?m/s?, since for m sufficiently large, e2m/s? > r and hence
there is a multiple of r in the interval [c, — 262m/s?, ¢, — e2m/s?]. Moreover, if ¢, > €?m/s?, from the
above and (4) it follows that ¢, — ¢}, > |V(KF)|. Let SF’ be the star forest which has ¢/, components
of size z, for each = € [s] (and has no stars larger than s), and let H = SF’ + KF. Observe that since
¢! is a multiple of r, SF’ is r-divisible, and so H is also r-divisible.

Notice that, for every i € [k], the union SF; UKF; contains a copy of H. Indeed, for every = € [s],
remove ¢, — ¢, components of size z from SF;, so that all such components that intersect KF; are
removed; this is possible because ¢, — ¢, is either the number of components of SF; of size x, or at least
as large as the number of vertices in KF;. Let H; be a copy of H in SF; UKF;, for i € [k], and let R be
the graph spanned by edges not covered by the H;’s.

Then the H;’s are isomorphic, r-divisible, and have components of size at most ¢, since in KF; each
component has size t = (¢)? and in SF; they have size at most s < ¢t. The edges in R consist of: edges
of R U R3, of which there are at most 3¢?m?; and edges in SF; —H;. For the latter, notice that the
number of components of size z € [s] we removed from SF is ¢, — ¢, < 2e?ms~2, so the number of edges
of Ule(SFi —H;) is at most k - 52 - 2e?2ms™2 = 2e2mk < 2e?m?. Altogether, e(R) < 5e%2m? < em?.
Thus (Hy, ..., Hg, R) satisfies the requirements of the lemma. O

In the next lemma we further decompose the small remainder from the previous step into stars, obtaining
a decomposition into isomorphic graphs, an ascending sequence of stars, and a remainder of small
maximum degree, with the stars and isomorphic graphs interacting nicely.

To state the next lemma we need the following two definitions. We say that a matching M C G is
isolated if it touches no other edges of G. We say that an ordered pair of graphs (H;, H;11) is ascending
if H; = H;yq or H; = H;y1 \ e for some edge e in H; 1. We say that a sequence of graphs (Hy, ..., H)

18



is ascending if (H;, H;+1) is ascending for each ¢ € [t — 1]. In particular, all graphs in an ascending
sequence can be isomorphic.

Lemma 22. Let € € (0, %), c = 105, m be large and let k € [em,m]. Suppose that G is a graph
with A(G) < em and 0.2m? < e(G) < m2. Then there is a decomposition (Hy, ..., Hy, S1,..., Sk, R)
of G, such that: Hy,. .., Hy are isomorphic, 2-divisible, and contain isolated matchings of size at least
m/200¢; (S1,...,Sk) is an ascending sequence of stars with e(S;) = 0 for i € [k —em]; R satisfies
e(R) < em? and A(R) < em; and H;, S; are vertex-disjoint for each i € [k].

Proof. Let t := {5_4806]2 and k' := [k/20]. By choosing m sufficiently large we can assume that it
is larger than any fixed function of ¢,t,e. By Vizing’s theorem, G can be decomposed into cm + 1
matchings, which we may assume are almost equal by Lemma 8. Then, by removing at most 40 edges
from each such matching, there are edge-disjoint isomorphic 40-divisible matchings My, ..., My of size

G)—40(cm+1
at least %ﬁm” > m/10c.

Let G’ = G — |JM;, and note A(G’) < ¢m. Apply Lemma 21 (with €97 = &%, 791 = 40, ma; = m,
k21 = k') to obtain a decomposition (Hy, ..., Hy, R1) of G', where the H;’s are isomorphic, 40-divisible,
their components have size at most ¢, and e(R;) < e*m?. Let H and M be the isomorphism classes of
H; and M;, respectively.

Next we will use Lemma 12 to decompose M UH. Let K1,..., K be an enumeration of the components
of H. Then Y, |K;|* <t- 3, |K;| = t|V(H)|, and |V(H)| < e(H) < e(G")/k' < 20e~'m, so the right
hand side of (2) is bounded by O(y/m). On the other hand, e(M)/5 > m/50c, so the left hand side
of (2) is Q(m), and hence Lemma 12 applies and gives a decomposition of M U H into five copies
of H = M/5+ H/5. Let Hj,...,H;,, = H' be the subgraphs of H; U Mj,..., Hy U M resulting
from applying this decomposition to each H; U M;. Observe that H’ is 8-divisible (since H and M are
40-divisible), and it contains an isolated matching of size at least e(M)/5 > m/50c.

Next we decompose R into an ascending sequence of stars. Let Si,...,.5, be a maximal sequence of
edge-disjoint stars in Ry with e(S;) = 2i, for i € [r]. Then e*m? > e(Ry) > >_I_; e(S;) = r(r+1) which
gives r < e2m. Let Ry = Ry \ |JS;, noting that A(Ry) < 2r +1 < 3¢%m.

Finally, apply Lemma 11 to S;, H/, for each ¢ € [r]. This yields a decomposition (Hl-l, ey HZ-47 Sil, ey Sf)
of S; U H] where e(S}) = i, e(S{) < i for j € [4]; HZJ is isomorphic to H'/4, and thus is 2-divisible
and has an isolated matching of size at least m/200c; and the graphs Hf , Sf are vertex-disjoint. For
i € [r+ 1,5k let (H}, ..., H}) be a decomposition of H! into copies of H'/4 and let Sf =0 for j € [4]
and i € [r 4+ 1,5K].

Relabelling, we obtain a decomposition (Hi, ..., Hogk, S1, ..., S0k ) of G\ Ra, such that: the S;’s are
stars of size at most r, with at least one of them being a star of size exactly ¢ for every i € [r], and all
but at most 4r < em of the stars are empty; the H;’s are isomorphic, 2-divisible and contain isolated
matchings of size at least m/200¢; and H;, S; are vertex-disjoint for i € [20k']. Remove 20k’ — k < 20
pairs H;, S; with S; empty and possibly relabel, to obtain a sequence (Hy, ..., Hg, S1,...,Sk) with the
same properties, assuming additionally that e(S1) < ... < e(Sk).

Let R = G\ U;ep(Si U H;). Then R is the union of R; and up to 20 copies of H;. We have e(H;) <
m?/k < m/e. Thus e(R) < e(Rg) +20m/e < e(R1) +20m/e < em?, and A(R) < A(Ry) + 20t < em,
using that each one of the removed H; has components of size at most . O

By carefully combining the graphs in the decomposition given by Lemma 22, the next lemma gives an
approximate ascending decomposition of every graph with linear maximum degree.
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Lemma 23. Fiz ¢ = 10° and 6 < 1/5000c. Let ¢ > 0 be sufficiently smaller than &, and m be large
enough. Setb = |dm|. Suppose that G is a graph with A(G) < em and m?(1/2—¢) < e(G) < m?(1/2+
g). Then, there is a decomposition (Hyi1,...,Hm, R) of G, such that: the sequence (Hpy1, ..., Hp,) is
ascending; H; is a matching for i < m/2000c; e(Hypi1) < b+b%/m; e(Hy) > m+1; and A(R) < b/10.

Additionally, for any t € [b+ 1, m], we can ensure that e(H;) = e(Hy11).

Proof. Let £ € {|em], [em] + 1} be such that m — b — ¢ is even, and write k = ™=2=£. Pick numbers
t1 € [k — 1] and ty € [¢] so that t — b € {t1,k,2k — t1,2k, 2k + t2} (this is possible because 1 <t —b <
m —b = 2k + ¢). We will find a sequence of graphs as in the lemma so that H; = H;y; for all i with
i—be{t1,k,2k —t1,2k, 2k + t2}, so in particular H; = Hy4q.

By Lemma 22 (with kgg = k + £ and g9 = £2) there is a decomposition of G
(Hi,-- s Hiyo, 515+, Skge, R)

such that: the H;’s are isomorphic, 2-divisible, and contain isolated matchings of size at least m/500c;
the S;’s form an ascending sequence of stars, with e(S;) = 0 for i € [k + 1] (since £ — e?m > 1 and
thus k + £ — e2m > k + 1); S; and H; are vertex-disjoint for each i; and R satisfies e(R) < £?m? and
A(R) < 2m. Let H be the isomorphism class of the H;’s.

If e(Sk+ty+1) # €(Sk+t,), move an edge from each of Ski¢,41,...,Sk+¢ to R (so now e(Skit,41) =
e(Skity), e(R) < 2em?, and A(R) < 2em).

Let h = e(H)/2, noting that this is an integer (since H is 2-divisible), and set a = h — k — b.
Claim 23.1. (1/3) - b?/m < a < (2/3) - b?/m.
Proof. Write O(e) to denote an expression which is in the interval [—Ae, Ae], where A is a constant that

does not depend on ¢, §,e,m. Then b =m-(6+0(¢)), k = 2(1-0+0(¢)), L = O(em), e(R) = O(em?)
and Z]-er(Si) < 02 = O(em?) (because e(Sy41) = 0 and S; is ascending). Thus,

e(G) —e(R) = > e(Si)
2(k 4 0)
e(G) —e(R) — > e(S;) — 2k? — 2k{ — 2bk — 2bf
2(k +£)
(3 —3(1 =254 6%) — (6 — 6%) + O(e)) m?
(1-=6+0()m

—k-0

a =

- (5 +0@) a+s+06)m

52m 3 v? 3
—7"1'0(5 m)—%+0(5 m)

In particular, (1/3) -b%/m < a < (2/3) - b?/m. O
Order E(H) as e(1),...,e(2h) so that {e(1),...,e(m/1000c)} is an isolated matching and the prefix

{e(1),...,e(h)} is isomorphic to the suffix {e(h + 1),...,e(2h)} (this is possible since H is 2-divisible
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and contains a matching of size m/500c). Let e;(j) be the copy of e(j) in H;. For i € [k], set

(1),...,ei(la+b+i+1)}
—{ez(l) seila+b+1)}
= {ez(a+b+z—i—2) ,ei(2h)}
(a+b+i+1),...,e/(2n)},

and, for i € [k + 1,k + /], define
C; = {ei(a +b+ 3), .. ,61(2h)} Us;.

Observe that A and A; are matchings for i € [m/2000c], since a + b+ m/2000c + 1 < m/1000c and
e(1),...,e(m/1000c) is a matching. Moreover, note that A7 = AL\ {e;11(a + b+ i+ 2)}, showing
that the sequence (A],... ,Az) is ascending. Similarly, the sequences (A7 ,..., 4;), (B,j, B,
and (B, ,...,B;) are all ascending. The sequence (Cj1,. .., CkH) is also ascending because the S;’s
are ascending. Additionally, note that: A7 = A7, and B = B, for i € [k —1]; A = B, (since
a+b+k =h); and B = Ciyq (using e(Sgy1) = 0). Also, since e(Skis,) = €(Skit,41), We have
Crity = Clyto41. Altogether, this shows that the following sequence is ascending.

+ — — — —
Ay AR A e A B B B B Gty G

Letting Fj,; be the i*" graph in this sequence, we get a sequence Fy1,...,Fy, which is ascending
with Fyyip1 = Fpyg for @ € {t1,k,2k — 1,2k, 2k + t2}, where Fyiopte, = Fpiokit,+1 follows from
Ck4ty = Ciyty11. See Figure 1 for an illustration of this sequence.

Since A, A; are matchings for i € [m/2000c] we have that Fjy; is a matching for i < m/2000c.
We have e(Fy 1) = a+b+2 < b+ b?/m, by Claim 23.1. Since Fy,1,...,F,, is ascending and
e(Fy+i) = e(Fprir1) for at most 5 + ¢ values of i (at worst, they are not strictly ascending for i €
{t1,k,2k — t1,2k,2k + t2} U [k + 1,k + /]), we have that

e(Fm) > e(Fpp1)+m—b—1—5+0)=(a+b+2)+m—-b—L—6=m+a—-L—4>m+1,

using that a = ©(6%m) (by Claim 23.1), £ = O(em) and that ¢ is sufficiently small compared to §.

Write R = RU Uf;r,fﬂ{ei(l), c.yei(la+b+2)} Then A(R') < A(R) + ¢ < 4em < b/10 (using that
{ei(1),...,ei(a+b+2)} is a matching for every 7). Noting that {A4; , B; } and {4;", B;'} are decom-
positions of H;, it follows that (Fpy1,..., Fy, R') is a decomposition of G, satisfying the requirements
of the lemma. O

For the proof of Lemma 6 we will need the following simple observation.

Observation 24. Let (H;,H;+1) be ascending and M; C H;, M;11 C H;y1 be isolated matchings.
Suppose we have one of

o e(Hit1\ Miy1) =e(H; \ M;) + 1.

L] e(Hi_H \Ml‘+1) = G(HZ' \ Mz) and Hi—l—l = Hi-
Then (H; \ M;, Hi11 \ M;11) is ascending.
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Figure 1: An illustration of how the graph G is partitioned into (Fyy1, ..., Fy,, R'). Here
all the edges of G are pictured in the way we get them from Lemma 22 at the start of the
proof — either as edges e, (j) of H;, the stars S;, or the remainder R. The isomorphic graphs
H; are arranged in a rectangle so that any subset of edges e;(j) in row ¢ is isomorphic to the
corresponding subset on any other row. The coloured areas represent the final partition
(Fy, ..., Fn, R') which ends up satisfying the lemma.
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Proof. Suppose H;y1 = H;. If the first condition holds, we must have |M;| = |M 41| + 1. Hence, since
M;, M;+1 do not intersect any other edges of H;, H;11 respectively, (H; \ M;, H;y1 \ M;+1) is ascending.
If the second condition holds then |M;| = |M;t1] so Hit1 \ Miy1 = H; \ M;.

Suppose (H;, Hi11) is ascending with e(H;41) = e(H;) + 1. Then only the first condition can hold, and
it implies that |M;| = |M;+1|. Hence, since M;, M; 1 are isolated, we have that (H; \ M;, Hi1+1 \ Mit+1)
is ascending. O

Having finished all the necessary preparations, we are now ready to prove Lemma 6. This lemma is
stated in Section 2.2, where we use it to prove the main result of this paper, Theorem 2. It says that
for ¢ = 10° and m sufficiently large, if G is a graph satisfying e(G) € ((%), (m;rl)] and A(G) < em,
then G has an ascending subgraph decomposition.

Proof of Lemma 6. Let 6 = 10~ 7¢™! = 10713, let ¢ be sufficiently smaller than ¢ so that Lemma 23
applies, and let b = [dm]. Let ¢t = (@) — ('), noting that 1 <t < m. Write

ei:{i i€ [t]

i—1 ielt+1,m].

Apply Lemma 23 to get an ascending sequence (Hpy1,...,Hy,) such that H; is a matching for i €
[b+ 1,m/2000¢); e(Hpi1) < b+ b%/m; e(H,,) > m + 1; the graph R := G \ |J H; has maximum degree
at most b/10; and, if ¢ € [b + 1, m], we moreover require the decomposition is such that H; = Hy.

Set z; == e(H;) — €, i € [b+ 1,m]. We claim that 0 < x; < 2b%/m for all i € [b+ 1,m]. Indeed, if we
ever had e(H;) < e;, then we would have e(H;) < i and, since the sequence is ascending, we would also
have e(H,,) < m, a contradiction. For the upper bound, using that Hy,1,..., Hy, is ascending and the
definition of e;, we get

Ti— Tpy1l = €(HZ) — €(Hb+1) — (61' — €b+1) <7-— (b + 1) — ((’L — 1) — (b+ 1)) = 1,

showing that x; < zp 1 +1 = e(Hpp1) —epp1 +1 < (b+0%/m) — b+ 1 < 2b?/m. Write @ = max z; (so
1 <a<2b?/m).

Randomly pick an isolated matching M; C H; of size x;, making the choices independently for ¢ €
[b+ 1,m]. There is always room to pick such a matching since for i < m/2000c, H; is a matching of
size e(H;) > i > b > 2b%/m > a, while for i > m/2000c the graph H; contains an isolated matching of
size m/2000c > 2b%/m > a. This also shows that there are at least i choices for each edge of M; for
i <m/2000c, and there are at least m/2000c choices for each edge for i > m/2000c. Thus,

(2

Ploe V(M) <
[ ( )] 20971& for i > m/2000c.

{ N for i < m/2000c
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Letting F' = |J; M;, we have

Bldr(v)] < Z % n Z 2000ca

m
b+1 < <m/2000c m/2000c<i<m

m/2000c
< a/ — dx + 2000ca
x=b z

m
—al ( ) 2
aln 50000h + 2000ca

< aln(m/b) + 2000ca < b/100,

using In(m/b) < m/1600b < b/800a and 2000ca < 4000cb?/m < b/200 since b/m < § = 10~"c¢~1. Since
the number of H; is m — b, by Chernoff’s bound (Theorem 7), for each vertex v we have P[dp(v) >
b/50] < e 2(b/100)%/(m—b) < (—6%m/10000 Taking the union bound over all (non-isolated) vertices v in G
(of which there are at most 2e(G) < 2m?), we deduce that, with positive probability, for all vertices v,
dr(v) < b/50. Hence there are matchings Mpy1, ..., My, so that A(F) < b/50.

By definition of x;, M; we have e(H;\M;) = e; for i € [b+1,m], and hence e(FUR) = e1+---+e, = (bgl)
(using that e(G) = ", e;). We also have A(F U R) < b/5. Therefore, by Lemma 9, F'U R has an
ASD into matchings (M, ..., M) with e(M;) = e;. Now (M, ..., My, Hpy1 \ Mpi1,...,Hpn \ My,) is
an ascending decomposition of G: first note that for each i < b, we have e(M;) = e; and for i > b+ 1
we have e(H; \ M;) = e;. Next, notice that the graphs My, ..., My, Hyiq \ Mpy1 are matchings, and so
this sequence is ascending. Finally, it follows from Observation 24 that Hy 1 \ Mpi1, ..., Hp \ My, is
ascending: indeed, for i # ¢, the first condition of Observation 24 applies to (H; \ M;, Hi+1 \ M;+1), and
for ¢ =t, if t > b+ 1 the second condition applies, since Hy = H;1q. For t < b, we have M; = M;1,.
This completes the proof of the lemma. O

5 Conclusion

We proved the main conjecture of [1] by showing that each graph has an ascending subgraph decompo-
sition consisting of star forests and subgraphs of K;;’s. It would be interesting to understand whether
the latter graphs are necessary or just an artefact of our proof. Faudree, Gyarfis, and Schelp have
conjectured that ascending decomposition purely using star forests should always exist.

Conjecture 25 (Faudree, Gyarfas, and Schelp [7]). Every graph G with (m; 1) edges has an ascending
subgraph decomposition Hy,...,H,,, where each H; is a star forest.

The techniques introduced in this paper are likely to be useful for approaching this conjecture (for
large m). However, we think that new ingredients would be needed too — mainly because one of
our key intermediate results (Lemma 21) is not true when one restricts to star-forest decompositions.
Indeed, the essence of Lemma 21 is that every graph with (7;) edges can be nearly-decomposed into
em isomorphic subgraphs (for ! < m). But the complete graph K, cannot be nearly-decomposed
into em isomorphic star forests for ¢ < 1/2 (just because any star forest in K, has at most m — 1
edges). Thus it seems necessary to deviate from our proof strategy if one wants to prove Conjecture 25
(at least when G is very dense).
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It is possible that even stronger generalizations of the ascending subgraph decomposition conjecture
are true. Another feature of our proof of Theorem 2 is that it produced a decomposition into graph
H; which are all the disjoint union of one potentially large star and a lot of connected components
of bounded size. If these small components could be made to have size 1, then we would obtain a
strengthening of Conjecture 25.

Problem 26. Does every sufficiently large graph G with (mjl) edges have an ascending subgraph

decomposition Hy, ..., Hy,, where each H; is a disjoint union of a star and a matching?

Igor Balla suggested the following variant of our problem: for which sequences a; < ... < a,, does every
graph on a; + ...+ a,, edges have a decomposition (Hy,..., H,,) with e(H;) = a; and H; isomorphic
to a subgraph of H;1? Our methods might work if a; + a,,—; is the same for all :.

Recall that one of the central open problems in the area of graph decompositions is the Gyarfas tree

packing conjecture: if 71, ..., T, is any sequence of trees with e(T;) = 4, then we can decompose K,
into copies of 11, ..., T,—1. This is only known when A(T}) < oan (3] Nati Linial asked whether this
becomes easier if we assume that the sequence of trees T1,...,T,_1 is ascending.

Finally, clearly for a star forest to have a star ASD, the i smallest component needs to have size
at least 7. This shows that our condition in Theorem 4 is tight up to constant factors. It would be
interesting to determine the precise constants that are necessary.
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