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Abstract

An n-vertex tree T is said to be graceful if there exists a bijective labelling ϕ : V (T ) → {1, . . . , n} such that the

edge-differences {|ϕ(x) − ϕ(y)| : xy ∈ E(T )} are pairwise distinct. The longstanding graceful tree conjecture,

posed by Rósa in the 1960s, asserts that every tree is graceful. The gracesize of an n-vertex tree T , denoted gs(T ),

is the maximum possible number of distinct edge-differences over all bijective labellings ϕ : V (T ) → {1, . . . , n}.
The graceful tree conjecture is therefore equivalent to the statement that gs(T ) = n− 1 for all n-vertex trees.

We prove an asymptotic version of this conjecture by showing that for every ε > 0, there exists n0 such that

every tree on n > n0 vertices satisfies gs(T ) ≥ (1 − ε)n. In other words, every sufficiently large tree admits an

almost graceful labelling.

1 Introduction

Within extremal combinatorics, a common question to pose is “which properties must a host graph possess in order

to guarantee that it contains a given subgraph?”, with classical results such as theorems of Mantel [12] and Dirac [4]

providing sufficient conditions for the existence of triangles and spanning cycles respectively. Colouring analogues of

these problems have been extensively studied, most notably in Ramsey theory, which investigates the appearance of

monochromatic subgraphs in edge-coloured graphs. A complementary perspective is given by anti-Ramsey theory,

initiated by Erdős, Simonovits, and Sós [6], which concerns the existence of rainbow subgraphs, in which all edges

must receive distinct colours. In this paper, we use this colouring framework to study a classical labelling problem

in combinatorics: the graceful tree conjecture. Specifically, we tackle the problem by reformulating the conjecture

in terms of finding rainbow trees in appropriately edge-coloured complete graphs, connecting graceful labellings to

tools from extremal and probabilistic graph theory.

A labelling of a graph G on m edges is an injective mapping ϕ : V (G) → N, and we say ϕ is graceful if its image is

{1, . . . ,m + 1} and the values of |ϕ(x) − ϕ(y)| are pairwise distinct over all edges xy ∈ E(G). Graceful labellings

were first introduced by Rósa [17] in 1966 (as β-valuations) and later renamed by Golomb [8]. Given a labelling

ϕ, we call the values of |ϕ(x) − ϕ(y)| for xy ∈ E(G) the edge-differences of ϕ. The main theme of research in this

area is to determine which graphs admit graceful labellings. An unpublished result of Erdős (see [9]) reports that

almost all graphs do not have this property. On the other hand, trees are an interesting class of graphs to consider,

since the set of edge-differences of any graceful labelling ϕ of an n-vertex tree must exactly coincide with the set

{1, . . . , n− 1}. This resulted in the graceful tree conjecture, posed in the 1960s, and usually accredited to Rósa.

Conjecture 1.1 (Graceful tree conjecture). Every tree admits a graceful labelling.
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Graceful labellings were initially motivated as a method for proving Ringel’s conjecture [16], a notable conjecture

from 1963 which proposed that for every (n+ 1)-vertex tree T , the complete graph K2n+1 can be decomposed into

edge-disjoint copies of T . Conjecture 1.1 implies a stronger variant of Ringel’s conjecture, attributed to Kotzig,

suggesting that this decomposition can be done by cyclically shifting the copies of the tree. Indeed, if there exists a

graceful labelling of an (n+ 1)-vertex tree T , say ϕ : V (T ) → {1, . . . , n+ 1}, then one can construct an embedding

of T in K2n+1 using only the first n + 1 vertices, by embedding each vertex of T to its image under ϕ. Cyclically

shifting this copy of T 2n + 1 times by adding 1 modulo 2n + 1 to each label at each shift, we get 2n + 1 copies

of T , which can be seen to be pairwise edge-disjoint, and which cover all edges of K2n+1 using the properties of

the graceful labelling ϕ. Ringel’s conjecture (and its stronger variant) was recently proven for all sufficiently large

n by Montgomery, Pokrovskiy and Sudakov [15] and independently Keevash and Staden [11]. The strength of the

graceful tree conjecture illustrates that it stands to be a challenging and interesting problem in itself.

Over the years, research towards Conjecture 1.1 has been fruitful, yet in full generality it remains open. Despite

a resolution for certain classes of trees (see e.g. Table 1 of [7]), there seems to be much more difficulty in proving

broader statements. The best known general result about Conjecture 1.1 due to Adamaszek, Allen, Grosu and

Hladký considers a variant of graceful labellings where a small number of additional labels are allowed. Using

terminology of Van Bussel [3], given m > n and an n-vertex tree T , an injective mapping ϕ : V (T ) → {1, . . . ,m}
for which the edge-differences of ϕ are pairwise distinct is called a range-relaxed graceful labelling of T . In 2020,

they proved the following notable result.

Theorem 1.2 (Adamaszek, Allen, Grosu and Hladký [1]). For all ε > 0 there exist η, n0 > 0 such that for all

n > n0, the following holds. If T is an n-vertex tree and ∆(T ) ⩽ ηn
logn , then there exists a range-relaxed graceful

labelling ϕ : V (T ) → {1, . . . , (1 + ε)n}.

Alternatively, one could relax the notion of graceful labellings by allowing a small number of edge-differences to

coincide, and we follow this approach. Introduced by Erdős, Hell and Winkler [5], and denoted by gs(T ), the

gracesize of an n-vertex tree T is the maximum size of the set of edge-differences over all bijective labellings

ϕ : V (T ) → {1, . . . , n}. This was mentioned as a dual notion to the bandsize of a tree, which instead considers the

minimum size of this set. Gracesize naturally relates to the graceful tree conjecture since such a labelling ϕ of T is

graceful if and only if the set of its edge-differences has size |E(T )| = n− 1. Therefore, one can restate the graceful

tree conjecture as: every n-vertex tree has gracesize n − 1. It was suggested in [5] that it may be an interesting

problem to find non-trivial lower bounds on the gracesize.

In 1995, Rósa and Širáň [18] proved that gs(T ) ⩾ 5(n− 1)/7 for every n-vertex tree T . Without too much difficulty

one can show that gs(T ) = (1−o(1))n for all trees with maximum degree o(n/ log n) as a corollary of Theorem 1.21.

The main result of the paper confirms this bound on the gracesize of all sufficiently large trees, irrespective of

maximum degree.

Theorem 1.3. For all ε > 0 there exists n0 such that for all n > n0, the following holds. If T is an n-vertex tree

then gs(T ) ⩾ (1 − ε)n.

1.1 Reduction argument

Before reformulating the problem to be about edge-coloured graphs, we first show that in order to prove Theorem 1.3,

it is enough to verify the following lemma, which is another approximately graceful result. Similar to the style of

Theorem 1.2, we consider an extra relaxation on the number of labels used.

1One can argue similarly to our proof that Lemma 1.4 implies Theorem 1.3.
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Lemma 1.4. For all ε > 0 there exists N such that for all n > N the following holds. If T is an n-vertex tree then

there exists an injective mapping ϕ : V (T ) → {1, . . . , (1 + ε)n} such that the set of edge-differences of ϕ has size at

least (1 − ε)n.

Proof of Theorem 1.3 from Lemma 1.4. We can assume ε < 1 as else the result is trivial, and let n0 be sufficiently

large so that for all n > n0, the value of (1− ε/2)n is at least as large as the output N of Lemma 1.4 when applied

with ε/2. Let T be an n-vertex tree. One-by-one, for εn/2 steps, remove a leaf from the current subtree of T that

remains, to obtain a subtree T ∗ on n∗ := (1− ε/2)n vertices. Apply Lemma 1.4 to T ∗ with ε/2 playing the role of ε

to obtain an injective mapping ϕ∗ : V (T ∗) → {1, . . . , (1+ε/2)n∗} such that the set of edge-differences of ϕ∗ has size

at least (1− ε/2)n∗. Since (1 + ε/2)n∗ ⩽ n then from this we can define a bijective labelling ϕ : V (T ) → {1, . . . , n}
such that ϕ(x) = ϕ∗(x) for all x ∈ V (T ∗) and the vertices in V (T ) \ V (T ∗) are bijectively assigned a label from the

set of unused labels in [n]. Since E(T ∗) ⊆ E(T ) and |ϕ∗(x) − ϕ∗(y)| = |ϕ(x) − ϕ(y)| for all xy ∈ E(T ∗), the set of

edge-differences of ϕ is at least as large as the set of edge differences of ϕ∗. Therefore gs(T ) ⩾ (1−ε/2)n∗ ⩾ (1−ε)n,

as desired.

We remark that the relaxation given in Theorem 1.3 is a slightly weaker notion than that of a range-relaxed graceful

labelling in Theorem 1.2, in the sense that if a tree has a range-relaxed graceful labelling using (1 + o(1))|T | labels,

then it has gracesize (1 − o(1))|T | (this can be seen via the reduction used in the proof that Lemma 1.4 implies

Theorem 1.3), while there is no obvious argument that gracesize (1−o(1))|T | implies the existence of a range-relaxed

graceful labelling using (1 + o(1))|T | labels. On the other hand, unlike Theorem 1.2, Theorem 1.3 holds for all large

trees, including those with high degree vertices.

Combining these two directions, a natural next step towards proving Conjecture 1.1 would be to show that every

tree T admits a range-relaxed graceful labelling into [(1 + o(1))|T |], either via a reduction from gracesize, or by an

independent argument.

1.2 Rainbow reformulation

Recall that we are interested in using edge-coloured graphs to study the graceful tree conjecture. To do this, we

can define the difference coloured complete graph, as follows.

Definition 1.5. Let X ⊆ N. The difference coloured complete graph for X, denoted by KX , is the edge-coloured

complete graph on vertex set X, where edge ij is assigned colour |i− j| for all distinct i, j ∈ X.

Consider the case when X = [n] = {1, . . . , n}. We can ask whether K[n] contains a rainbow copy of an n-vertex tree,

meaning that every edge of the tree has a distinct colour. Given a tree T and an injective function ϕ : V (T ) → [n],

an embedding of T in K[n] is uniquely determined from ϕ by embedding a given vertex x to ϕ(x) ∈ V (K[n]). Note

that an edge xy ∈ E(T ) has colour c under this embedding if and only if c = |ϕ(x)−ϕ(y)|. Similarly an embedding

of T uniquely determines such an injective function. In particular if T has n vertices, then observe that ϕ is graceful

if and only if the corresponding embedding of T is rainbow. Therefore we can use K[n] to consider the following

equivalent version of the graceful tree conjecture.

Conjecture 1.6 (Rainbow version of the graceful tree conjecture). K[n] contains a rainbow copy of every n-vertex

tree T .

In this context, our main result (Theorem 1.3) corresponds to the statement that every n-vertex tree T can be

embedded into K[n] such that at least (1−o(1))n distinct colours appear on its edges. Since we have already shown
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that Theorem 1.3 holds assuming the correctness of Lemma 1.4, proving this lemma will be the main focus for the

remainder of this paper. We wish to attack it from a coloured perspective, so, rather than proving Lemma 1.4

directly, we will actually show that the following equivalent version holds.

Lemma 1.7. For all ε > 0 there exists n0 such that for all n > n0 the following holds. If T is an n-vertex tree,

then there exists an embedding of T in K[(1+ε)n] where at least (1 − ε)n distinct colours appear on edges of T .

2 Preliminaries

2.1 Organisation of the paper

In the remainder of this section, we introduce notation and some standard probabilistic tools. Section 3 will give

an overview of the proof strategy for Lemma 1.7, discussing the main methods needed to (i) find a nice structure

in a tree T , and (ii) use the properties of this structure to embed parts of T in a rainbow way into the difference

coloured complete graph. These two points will be addressed in Sections 4 and 5 respectively. In Section 6, we

combine everything to prove Lemma 1.7.

2.2 Notation

For all n ∈ N, let [n] := {1, . . . , n}. For any a, b, c ∈ R we write a = b ± c to mean b − c ⩽ a ⩽ b + c. If we say

that a statement holds whenever 0 < a ≪ b ⩽ 1, then there exists a non-decreasing function f : (0, 1] → (0, 1]

such that the statement holds for all 0 < a, b ⩽ 1 with a ⩽ f(b). We similarly consider a hierarchy of constants

0 < b1 ≪ b2 ≪ . . . ≪ bk < 1, and these constants must be chosen from right to left. For every constant b in a

hierarchy it will be implicitly assumed that both b ∈ (0, 1) and 1/b ∈ N are satisfied.

If G is a graph we denote its vertex set and edge set by V (G) and E(G) respectively, and use the notation

|G| := |V (G)| and e(G) := |E(G)|. The degree and neighbourhood of a vertex v ∈ V (G) are denoted by dG(v)

and NG(v) respectively, and the neighbourhood of a set U ⊆ V (G) is NG(U) =
⋃

u∈U NG(u). We may omit the

subscripts where context is clear. The minimum degree of G is δ(G) and the maximum degree is ∆(G). Given a set

U ⊆ V (G), we write G[U ] for the induced subgraph of G on U . We use G \U to denote the subgraph G[V (G) \U ],

and for a single vertex v, we write G − v instead of G \ {v}. For an edge subset M ⊆ E(G), V (M) denotes the

set of vertices which are contained in some edge belonging to M , and we say these vertices are covered by M . For

any edge xy ∈ E(G), G − xy is the spanning subgraph obtained by deleting the edge xy from G. If a graph G is

edge-coloured, then we denote by C(G) the set of colours used on some edge in G. For a set S of colours, we say

that G is S-rainbow if all edges in G have a distinct colour from the set S.

For graphs F and G, we write F +G to denote the disjoint union of F and G. The sum is defined analogously for

1
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Figure 1: K[5]
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Figure 2: Rainbow copy of P5
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more than two graphs. For d ∈ N, we write F × d to mean the graph obtained by taking the disjoint union of d

copies of F , that is, F × d ∼= F + (F + (F + . . .)) where the sum is taken d times.

For a hypergraph H we use the analogous notation V (H), E(H), |H|, e(H), δ(H),∆(H) as for graphs, whereby

degree will always refer to vertex degree. H is r-uniform if each of its edges has size r, and it is k-partite if V (H)

can be partitioned into k parts U1, . . . , Uk, such that |e ∩ Ui| ⩽ 1 for every e ∈ E(H), i ∈ [k]. A hypergraph H is

said to be linear if any pair of distinct edges in H share at most one common vertex.

2.3 Probabilistic tools

We will need some common probabilistic tools to show the existence of specified properties in edge-coloured graphs

and hypergraphs. We write X ∼ Bin(n, p) to mean X follows the Binomial distribution with parameters n and

p, and write P[·] and E[·] to denote the probability and expectation of an event respectively. Given a set N and

p ∈ [0, 1], a p-random subset S ⊆ N is one that is formed by independently keeping every element in N with

probability p. Similarly if p ⩽ 1/k, then S1 . . . , Sk are pairwise disjoint p-random subsets of N if they are formed

by independently placing each element of N in at most one Si so that the element is placed in S1 with probability

p, in S2 with probability p, and so on, and placed in none of the sets with probability 1 − kp. These sets form a

p-random partition of N if p = 1/k.

Theorem 2.1 (Chernoff bound, see e.g. [10]). Let X ∼ Bin(n, p). For all λ ∈ (0, 1),

P[|X − E[X]| ⩾ λE[X]] ⩽ 2e−
λ2EX

3 .

Let Z1, . . . , Zn be independent random variables, each taking values in a set Ω. For a constant c, we say that a

function f : Ωn → R is c-Lipschitz if for any ω = (ω1, . . . , ωn) ∈ Ωn, changing the outcome of at most one ωi affects

the value of f(ω) by at most c.

Theorem 2.2 (McDiarmid’s inequality [13]). Let Z1, . . . , Zn be independent random variables, each taking values

in a set Ω. Let f : Ωn → R be a c-Lipschitz function and consider the random variable X = f(Z1, . . . , Zn). For all

t > 0,

P[|X − E[X]| ⩾ t] ⩽ 2e−
2t2

c2n .

3 Proof strategy for Lemma 1.7

We have already observed that a graceful labelling of a tree T with labels in [n] can be thought of interchangeably as

a rainbow embedding of T in K[n]. Therefore throughout, we will regard labellings and (edge-coloured) embeddings

of graphs as equivalent, where the colour of an edge is uniquely determined by taking the absolute difference of the

labels assigned to the endvertices of the edge. More explicitly, given two adjacent vertices x, y ∈ V (T ) for some

tree T together with a mapping ϕ : V (T ) → [n], we will refer to the colour of the edge xy to mean the value of

|ϕ(x) − ϕ(y)|.

Let us now give an overview of the main ideas used in our strategy to embed a given n-vertex tree T into K[(1+ε)n]

in an almost rainbow way. First, in Section 4, we find a helpful structure within T which is easier to work with.

We split up T by first isolating a set Shigh ⊆ V (T ), consisting of all vertices of high degree. There cannot be

too many high degree vertices, since e(T ) = n − 1, so we have an upper bound for |Shigh|. We find a structural

argument Lemma 4.1 which roughly states the following: for any subset of vertices S ⊆ V (T ) such that |S| is not

too large, there exists a set of vertices W ⊆ V (T ) \ S, also of small order, such that deleting S ∪W from T yields

5



many vertex-disjoint copies of some small forest F . Applying this with Shigh playing the role of S, we can think of

the set W as a set of ‘waste’ vertices in T , of which the lemma tells us there are not too many. So, we have that

T \ (Shigh ∪W ) is exactly made up of many copies of some small forest F .

Our new aim is to find a fully rainbow copy of T \W in K[(1+ε)n], since at the end, the set W will be embedded

arbitrarily to the available leftover labels, and this is where we may obtain colour repetitions. There will not be

too many repeats since all vertices in W will have low degree, so that the number of edges with an endvertex in W

is small. The embedding of T \W is the main focus in Section 5, with the key lemma given as Lemma 5.9. So, let

us now summarise this process, noting that T \W is comprised of the set Shigh and many vertex-disjoint copies of

F . We define an auxiliary tree Taux from T \W obtained by contracting the set Shigh into a single vertex v, and

contracting sets of vertices in the copies of F (chosen so that these sets of vertices are copies of the same vertex of

F ) so that the resulting tree Taux consists of one high degree vertex v adjacent to constantly many copies of F .

We observe that for any integer d, a copy of F × d, that is, the union of d vertex-disjoint copies of F , can

be constructed by taking the union of e(F ) pairwise edge-disjoint matchings, each of size d, and each of which

corresponds to a distinct edge of F . Thus we find tools for embedding rainbow matchings in Lemma 5.4, and use

these to find a rainbow embedding of Taux inside K[(1+ε/2)|Taux|]. We consider a rainbow ‘blow up’ of this auxiliary

tree in K[(1+ε)n] by thinking of each vertex as a set (these will correspond to the contracted vertex sets) and by

replacing each edge with some rainbow matching. With the flexibility from the extra labels, this allows us to

manipulate the properties of the blow up and be more careful with which sections we are allowed to embed into, in

order to obtain a rainbow embedding of T \W in K[(1+ε)n], as desired.

For this argument to work we require that both |Shigh| is small, and all vertices in W have low degree. The

former condition holds using the fact that all vertices in Shigh have degree bigger than some constant ∆, so since

e(T ) = n − 1 there must be fewer than 2n/∆ of them. But if we choose ∆ to be too high, then we cannot get a

good upper bound for the maximum degree of the waste vertices. Therefore, for these conditions to be compatible,

we need to be particularly careful with how we select the parameters which define these sets. More detail of this is

given prior to the full proof, in Section 6.

4 Tree splitting

As mentioned in the previous section, in order to prove Lemma 1.7, we start by finding a way to delete certain

vertices in a tree to yield many copies of some forest F , satisfying various additional properties. In this section, our

main aim is to prove the following lemma.

Lemma 4.1. For all δ > 0 there exist ζ0, n0 > 0 such that the following holds for all n > n0 and ζ < ζ0 satisfying

ζn ∈ N. Let T be an n-vertex tree and let S ⊆ V (T ) have order at most δn/10. There exists a set W ⊆ V (T ) \ S
of order at most δn such that T \W satisfies the following properties:

(i) T \ (W ∪ S) ∼= F × ζn for some forest F which has rooted trees as components; and

(ii) for every component of F×ζn, the root has at most one neighbour in S, and all other vertices in the component

have no neighbour in S.

We need to introduce some further results that demonstrate various properties about trees and forests, which we

will then combine to prove Lemma 4.1 at the end of this section.

Lemma 4.2. Let T be an n-vertex tree. For every S ⊆ V (T ), there is a set W ⊆ V (T ) \ S satisfying |W | ⩽ 6|S|,
such that for every component C of T \ (S ∪W ), there is at most one edge between C and S.
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Proof. Let TS be the smallest subtree of T which contains all vertices in S. Let W := NTS
(S) \ S. We need to find

an upper bound for |W |, and will require the following claim.

Claim 4.3. For any tree H, the number of leaves in H is equal to
∑

v:dH(v)⩾3(dH(v) − 2) + 2.

Proof of claim. Let ℓ denote the number of leaves in H. By the handshaking lemma we know

2e(H) =
∑
v

dH(v) =
∑

v:dH(v)⩾3

dH(v) +
∑

v:dH(v)=2

dH(v) +
∑

v:dH(v)=1

dH(v)

=
∑

v:dH(v)⩾3

dH(v) +
∑

v:dH(v)=2

2 +
∑

v:dH(v)=1

1.
(4.1)

Expanding out the left hand-side gives

2e(H) = 2|H| − 2 =

 ∑
v:dH(v)⩾3

2 +
∑

v:dH(v)=2

2 +
∑

v:dH(v)=1

2

− 2. (4.2)

Combining (4.1) and (4.2) and rearranging, we have that

ℓ =
∑

v:dH(v)=1

1 =
∑

v:dH(v)⩾3

(dH(v) − 2) + 2,

as required. This proves the claim. ■

Since we chose TS minimally, we must have that all leaves in TS belong in S. Otherwise we can delete any leaf

outside of this set and find a smaller subtree still containing S. Thus the number of leaves in TS is at most |S|. By

applying Claim 4.3 to the tree TS , it follows that∑
v∈S

dTS
(v)⩾3

(dTS
(v) − 2) ⩽

∑
v∈V (TS)
dTS

(v)⩾3

(dTS
(v) − 2) = (# leaves in TS) − 2 ⩽ |S| − 2 ⩽ |S|,

and rearranging gives ∑
v∈S

dTS
(v)⩾3

dTS
(v) ⩽ |S| +

∑
v∈S

dTS
(v)⩾3

2 ⩽ |S| + 2|S| = 3|S|.

We use this upper bound to deduce that

|W | ⩽ |NTS
(S)| ⩽

∑
v∈S

dTS
(v) =

∑
v∈S

dTS
(v)=1

1 +
∑
v∈S

dTS
(v)=2

2 +
∑
v∈S

dTS
(v)⩾3

dTS
(v)

⩽ |S| + 2|S| + 3|S|

⩽ 6|S|.

Suppose there exists a component C in T \ (S ∪W ) which sends two distinct edges into S, say xs and yt for some

x, y ∈ V (C), s, t ∈ S. Since TS and C are both connected, then there is a path P from s to t contained in TS ,

and there is a path Q from x to y contained in C. We know that at least one of these paths is non-empty as

otherwise x = y, s = t implies xs = yt. If V (P ) ∩ V (Q) = ∅, then xQytPsx forms a cycle of length at least 3 in T ,

a contradiction. Otherwise, choose z ∈ V (P )∩ V (Q) to be of minimal distance from x along the path Q. Then the

paths xQz and zPs are edge-disjoint. Since z ∈ V (Q) ⊆ C, then z /∈ S ∪NTS
(S), implying that zPs is a path of

length at least 2. Therefore xQzPsx forms a cycle of length at least 3 in T , again a contradiction. We can therefore

conclude that every component in T \ (S ∪W ) touches at most one edge going into S.
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We use the following standard observation about trees, providing a proof for completeness.

Fact 4.4. Every n-vertex tree T contains a vertex v ∈ V (T ) such that all components of T − v have order at most

n/2.

Proof. Let us consider an orientation of the tree T given as follows: for every xy ∈ E(T ), direct the edge from x to

y if the component of T − xy containing x is smaller than the one containing y (and orient the edge xy arbitrarily

if these components have the same size). Every oriented tree contains a sink, that is, a vertex v ∈ V (T ) where v

has only in-neighbours. Any component C in T − v contains some neighbour u of v since T is connected, and thus

C is smaller than the component of T − uv which contains v. So, |C| ⩽ n/2.

This fact provides a means to prove the inductive step of the next straightforward lemma.

Lemma 4.5. Let k ∈ N∪{0}. For every n-vertex tree T there exists a setW ⊆ V (T ) of order at most 1+2+· · ·+2k,

such that all components of T \W have order at most n/2k.

Proof. We proceed by induction on k. The case k = 0 holds trivially. Suppose the statement holds true for

some k, and we want to prove it for k + 1. Consider the set W ′ obtained by applying the result for k, so that

|W ′| ⩽ 1 + 2 + . . . + 2k and all components of T \W ′ have order at most n/2k. Let C1, . . . , Ct denote the set

of components of T \ W ′ which have order larger than n/2k+1. Clearly t ⩽ 2k+1 since these components are

pairwise vertex-disjoint and |T | = n. For each i ∈ [t], we apply Fact 4.4 to Ci to find a vertex vi ∈ V (Ci) such

that all components of Ci − vi have order at most |Ci|/2 ⩽ n/2k+1. Then W := W ′ ∪ {v1, . . . , vt} has order

|W ′| + t ⩽ 1 + 2 + · · · + 2k + 2k+1 and all components of T \W have order at most n/2k+1, as required.

Lemma 4.6. Let m,n ∈ N. For every n-vertex tree T there exists a set W ⊆ V (T ) satisfying |W | ⩽ 4n
m and such

that every component of T \W has order at most m.

Proof. Let k := ⌈log2(n/m)⌉. Applying Lemma 4.5 to T we have that there exists a set W of order at most

1 + 2 + · · · + 2k = 2k+1 − 1 ⩽ 2log2(n/m)+2 = 4n/m, such that all components of T \ W have order at most

n/2k ⩽ n/2log2(n/m) = m.

Finally we find a way to delete vertices from a forest H so that the subgraph obtained consists precisely of disjoint

copies of a new forest F with a specified rooted structure.

Lemma 4.7. Let m,n ∈ N, ζ > 0 be such that ζn ∈ N and suppose H is a forest with components of order at most

m and in each component we have specified a root. We can delete at most mm+1ζn vertices from H to get a copy

of F × ζn for some forest F which has rooted trees as components, and such that all roots in F × ζn were also roots

in H.

Proof. By Cayley’s formula there exist at most mm−1 trees of order at most m, and for each of them there are at

most m ways to select a root. So there are at most mm types of rooted trees amongst the components of H. For

each such rooted tree T , we delete at most ζn copies of T so that the remaining number of copies is divisible by

ζn. The remaining graph is a copy of F × ζn for some forest F where all components are rooted trees. In total we

have deleted at most mm ×m× ζn = mm+1ζn vertices to obtain this.

We are now ready to prove Lemma 4.1, combining the properties we have seen already.
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Proof of Lemma 4.1. Let δ > 0, m := 20
δ , ζ0 := δ

5mm+1 and let n0 be sufficiently large. Let n > n0 and ζ < ζ0

be such that ζn ∈ N., and let T and S be as in the statement of the lemma. We construct W by deleting a

bounded number of vertices. By Lemma 4.2, there exists a set W1 ⊆ V (T ) \ S of order at most 6|S| such that

every component of T \ (S ∪W1) touches at most one edge that is incident to S. By Lemma 4.6 there exists a set

W2 ⊆ V (T ) of order at most 4n/m such that all components in T \W2 have order at most m. So, each component

in H := T \ (S ∪W1 ∪W2) has at most one vertex belonging in NT (S), and if such a vertex exists then call this

the root, otherwise arbitrarily choose a root within the component. Then we can apply Lemma 4.7 to H to obtain

a set W3 ⊆ V (H) of order at most mm+1ζn such that H \W3 = T \ (S ∪W1 ∪W2 ∪W3) ∼= F × ζn for some forest

F with rooted trees as components, where only the roots belong in NT (S). Clearly every component of H \W3

is a subgraph of a component of H, so using the property of W1, we also know that every root has at most one

neighbour in S. Take W := (W1 ∪W2 ∪W3) \ S to get |W | ⩽ 6|S| + 4n
m + mm+1ζn ⩽

(
6δ
10 + 2δ

10 + 2δ
10

)
n = δn.

Therefore T \W satisfies the desired conditions.

5 Finding rainbow subgraphs

5.1 Using hypergraphs for matchings

Observe that given a forest F and some integer d, a rainbow copy of F × d is exactly the union of e(F ) colour-

disjoint rainbow matchings, where each matching has size d and corresponds to a unique edge in F . By using

Lemma 4.1, if we can find rainbow matchings in K[n], this will give us tools for embedding parts of trees in a

rainbow way. It will be helpful to consider 3-uniform 3-partite hypergraphs by making the following observation.

Consider two disjoint vertex sets A,B ⊆ [n] and a colour set C ⊆ C(K[n]), let K[n][A,B,C] denote the edge-

coloured subgraph of K[n] containing only edges between A and B which have colour in C. We can consider the

corresponding 3-uniform 3-partite hypergraph, denoted by H[n][A,B,C], with vertex classes A,B and C such that

for all a ∈ A, b ∈ B, c ∈ C, the size-three edge abc is an edge in H[n][A,B,C] if and only if the edge ab ∈ E(K[n])

has colour c, or equivalently c = |b− a|. In particular, there is a mapping θ : E(K[n][A,B,C]) → E(H[n][A,B,C])

which maps an edge ab ∈ E(K[n][A,B,C]) to the size-three edge {a, b, |b−a|} ∈ E(H[n][A,B,C]) where |b−a| ∈ C.

Thus we observe the following.

Observation 5.1. A subset M ⊆ E(K[n][A,B,C]) is a rainbow matching if and only if θ(M) is a hypergraph

matching in H[n][A,B,C].

In order to use this observation, we will first need some preliminary lemmas about K[n][A,B,C].

Lemma 5.2. Let s, n ∈ N be such that s ⩽ n/2 and n is even. Let A := [1, n2 ], B := [n2 + 1, n] and C := [n − 1].

There exists a spanning subgraph G ⊆ K[n][A,B,C] such that ∆(G) = 2s, every vertex in [2s, n2 − s]∪ [n2 + 2s, n− s]
has degree 2s, every colour in [2s, n− 2s] appears on exactly s edges, no colour in C appears on more than s edges,

and no edge has colour 1.

Proof. Note that C = C(K[n]) so C contains all possible colours in K[n]. We will find our desired spanning subgraph

G to be contained in K[n][A,B,C], meaning that all edges will lie between A and B.

For every c ∈ C, let Ec :=
{(

n−c+i
2 , n+c+i

2

)
: i = 1, 2, . . . , 2s

}
∩Z2. Then |Ec| = s for all c ∈ C. Indeed, both of the

values n− c and n+ c are odd or they are both even, implying that the terms n−c+i
2 and n+c+i

2 are integer valued

exactly when i is odd or even respectively. Furthermore any edge in Ec ∩ E(K[n]) has colour c, since for a fixed i,

we have n+c+i
2 − n−c+i

2 = 2c
2 = c.
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Now, let C ′ := [2s, n− 2s] and fix c ∈ C ′. For any i ∈ [2s], note that

n− c+ i

2
⩾
n− (n− 2s) + i

2
⩾

2s+ 1

2
⩾ 1,

n− c+ i

2
⩽
n− 2s+ i

2
⩽
n− 2s+ 2s

2
=
n

2
,

n+ c+ i

2
⩾
n+ 2s+ i

2
⩾
n+ 2s+ 1

2
⩾
n

2
+ 1,

n+ c+ i

2
⩽
n+ (n− 2s) + i

2
⩽

2n− 2s+ 2s

2
= n.

This shows that Ec ⊆ A×B for all c ∈ C ′, i.e. every pair in Ec forms an edge in K[n] of colour c, going from A to

B. Let G be the spanning subgraph of K[n] defined by its edge set

E(G) =
⋃

c∈C\{1}

Ec ∩ (A×B),

So G can be constructed by first taking edges from all Ec ∩ E(K[n]) sets, except for when c = 1, and deletes edges

not lying between A and B. Thus no edge in G has colour 1. Note that if n is odd then E1 ∩ (A×B) = ∅, and if n

is even, E1 ∩ (A×B) = {(n/2, n/2 + 1)}, so by not adding this edge set to G we only affect the degrees of at most

two vertices, namely n/2 and n/2 + 1, neither of which belong in [2s, n2 − s] ∪ [n2 + 2s, n− s]. For any c ∈ C ′, since

Ec ⊆ A×B, then this implies Ec ⊆ E(G) and in particular every colour c ∈ C ′ occurs on exactly |Ec| = s edges of

G, as desired. Any colour in C \ C ′ clearly appears on at most s edges. It remains to check the degrees of vertices

in A and B.

First consider A′ := [2s, n2 − s], and fix x ∈ A′. Let C(x) := {c ∈ C : n−c+i
2 = x and n+c+i

2 ∈ B for some i ∈ [2s]}.

Note that
n− c+ i

2
= x ⇐⇒ c = n+ i− 2x,

so we can deduce that any c ∈ C(x) satisfies c ⩽ n + 2s − 2x ⩽ n + 2s − 4s = n − 2s and c ⩾ n + 1 − 2x ⩾

n+ 1 − (n− 2s) = 1 + 2s. This implies C(x) ⊆ C ′ and 1 /∈ C(x). In particular C(x) is the set of colours c ∈ C for

which there exists y ∈ B such that xy ∈ E(G) has colour c. If there exist two edges in G of colour c that contain

x, then there exist distinct y, y′ ∈ B such that xy and xy′ are edges of colour c. By choice of A and B, we know

y ⩾ x and y′ ⩾ x and so c = y − x = y′ − x, implying y = y′, a contradiction. Thus for each colour c ∈ C(x), there

is exactly one edge in G of colour c with x as an endvertex. So in total the number of edges in G containing x is

|C(x)| = 2s, and in particular we have dG(x) = 2s for every x ∈ A′.

Similarly, let B′ = [n2 +2s, n−s], and fix y ∈ B′. Let D(y) := {c ∈ C : n+c+i
2 = y and n−c+i

2 ∈ A for some i ∈ [2s]}.

Note that
n+ c+ i

2
= y ⇐⇒ c = 2y − (n+ i),

so we deduce that any c ∈ D(y) satisfies c ⩽ 2y − (n+ 1) ⩽ 2n− 2s− n− 1 = n− 2s− 1 and c ⩾ 2y − (n+ 2s) ⩾

n+ 4s− n− 2s = 2s. Thus D(y) ⊆ C ′ and 1 /∈ D(y). We may argue similarly that there exists exactly one edge in

G of each colour in D(y) which contains y. So there are |D(y)| = 2s edges in G containing y and we deduce that

dG(y) = 2s for all y ∈ B′. Finally all vertices in (A \A′) ∪ (B \B′) are contained in at most 2s edges by choice of

the Ec sets, so ∆(G) ⩽ 2s. Thus the graph G satisfies our desired properties.

Consider again the subgraph K[n][A,B,C] of K[n] for disjoint vertex sets A,B ⊆ [n] and a colour set C ⊆ C(K[n]). If

every element of A is smaller than every element of B, then observe that the corresponding hypergraph H[n][A,B,C]

is linear. We would like to find matchings in this hypergraph, in accordance with Observation 5.1. We will use the

following variant of an unpublished result from Pippenger (see e.g. [2]) in order to find almost perfect matchings in

linear uniform hypergraphs.

10



Theorem 5.3. Let n−1 ≪ γ ≪ α, µ, r−1. Every n-vertex linear r-uniform hypergraph H with maximum degree at

most (1 + γ)αn and at most µn vertices of degree less than (1 − γ)αn has a matching covering all but at most 2µn

vertices.

Proof. Let H be as in the statement of the lemma. A result of Molloy and Reed (see [14, Theorem 1]), tells us that

the chromatic index χ′(H) is at most ∆ + c∆1−1/r(log ∆)4 for some constant c, where ∆ is the maximum degree of

H. Thus there exists a proper edge-colouring of H using at most χ′(H) ⩽ (1 +γ)αn+ ((1 +γ)αn)1−1/(r+1) colours,

by choosing n sufficiently large. Each colour class forms a matching. Since at least (1 − µ)n vertices in H have

degree at least (1 − γ)αn, then e(H) ⩾ (1 − µ)(1 − γ)αn2/r. Thus there is a colour class of size at least

e(H)

χ′(H)
⩾

(1 − µ)(1 − γ)αn2/r

(1 + γ)αn+ ((1 + γ)αn)1−
1

r+1

= (1 − µ)
n

r

(
1 − γ

1 + γ + (1 + γ)1−
1

r+1 (αn)−
1

r+1

)
⩾ (1 − µ)2

n

r

⩾ (1 − 2µ)
n

r
.

The second inequality holds by choosing n sufficiently large to satisfy n ⩾ (1−µ)(1+γ)r

α(µ−2γ−µγ)r+1 . Since this colour class

contains at least (1 − 2µ)n/r pairwise disjoint edges, each of size r, then the number of vertices covered by this

matching is at least (1 − 2µ)n. Thus the matching covers all but at most 2µn vertices in H.

Lemma 5.4. Let n−1 ≪ p, µ be such that n is even. Suppose S1, S2 ⊆ [n] are p-random and disjoint. Then with

probability 1− o(1) there exists a rainbow matching in K[n][S1, S2, S2] such that no edge in the matching has colour

1, and it covers all but at most 2µmax{|S1|, |S2|} vertices in S1 and all but at most 2µmax{|S1|, |S2|} vertices in

S2.

Proof. Choose γ ∈ (0, 1) such that n−1 ≪ γ ≪ p, µ and let n, S1, S2 be as in the statement of the lemma. Let

A := [1, n2 ], B := [n2 + 1, n] and C := [n − 1]. Let m := 3pn/2 and s := µm/10. Let G ⊆ K[n][A,B,C] denote

the spanning subgraph obtained by applying Lemma 5.2 and take R ⊆ H[n][A,B,C] to be the 3-partite 3-uniform

hypergraph corresponding to G, that is, there is an edge abc ∈ E(R) if and only if c = |b − a| and ab ∈ E(G) for

some a ∈ A, b ∈ B and c ∈ C. We will consider two vertex-disjoint colour-disjoint random subhypergraphs of R

and find large matchings within both of these. We will then combine them to form an almost perfect matching M

in H[n][S1, S2, S2]. By Observation 5.1, this then corresponds to an almost perfect rainbow matching θ−1(M) in

K[n][S1, S2, S2]. For that purpose, let us define various random subsets of vertices.

For i ∈ {1, 2}, let Ai := A∩Si and Bi := B∩Si. Partition C into two 1
2 -random subsets P and Q, and define P2 :=

S2 ∩ P and Q2 := S2 ∩Q. Note that, for any a ∈ A, b ∈ B and for any i, j ∈ [2], we have P[a ∈ Ai] = P[b ∈ Bj ] = p

and the corresponding events are independent. Also, for any c ∈ C, we have P[c ∈ P2] = P[c ∈ Q2] = p
2 . We will

consider two 3-partite 3-uniform subhypergraphs of R induced on these subsets, defined by HP := R[A1, B2, P2] and

HQ := R[A2, B1, Q2]. As noted earlier, both HP and HQ are linear hypergraphs, since all elements in A are smaller

than all elements in B. We claim that these hypergraphs both contain a large matching with high probability.

Claim 5.5. With probability 1 − o(1) there is both a hypergraph matching MP ⊆ E(HP ) covering all but at most

2µ|HP | vertices of HP , and a hypergraph matching MQ ⊆ E(HQ) covering all but at most 2µ|HQ| vertices of HQ.

Proof of claim. We will only prove that with high probability the matching MP with the desired property inside

HP exists, since one can then apply the identical method to HQ to find the matching MQ, and take a union bound

to get that with high probability they both exist, as desired to prove the claim. In order to find MP , we will use

Theorem 5.3. To apply this, we first need to show that the hypergraph HP satisfies various properties. We will

show that the following properties hold with high probability.
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(P1) |HP | = (1 ± γ)m

(P2) HP has maximum degree at most (1 +
√
γ)µp2

10 |HP |.
(P3) All vertices in the set

(
A1 ∩

[
2s, n2 − s

])
∪
(
B2 ∩

[
n
2 + 2s, n− s

])
∪ (P2 ∩ [2s, n− 2s]) have degree in the

interval (1 ±√
γ)µp2

10 |HP | in HP ,

Note that E|HP | = E[|A1|] + E[|B2|] + E[|P2|] = 3pn/2 = m by linearity of expectation. So a simple application of

the Chernoff bound tells us that (P1) holds with probability at least 1 − 2e−
γ2m

3 = 1 − 2e−Ω(n). In order to prove

(P2) and (P3) hold with high probability, we will start by considering the degrees of vertices in HP . We know that

∆(G) ⩽ 2s, and every colour in G appears on at most s edges. In particular this means that dR(x) ⩽ 2s for every

x ∈ A ∪ B, and dR(c) ⩽ s for every c ∈ C. By choice of R we also have the additional properties that dR(x) = 2s

for every x ∈
(
A ∩

[
2s, n2 − s

])
∪
(
B ∩

[
n
2 + 2s, n− s

])
, and dR(c) = s for every c ∈ C ∩ [2s, n− 2s].

• Let c ∈ C. Suppose abc ∈ E(R) for some a ∈ A and b ∈ B. The events that a ∈ A1 and b ∈ B2 happen

independently and with probability p each, so the probability that they both occur is p2. Thus the expected

number of edges abc ∈ E(R) containing c for which a ∈ A1 and b ∈ B2 is p2dR(c) ⩽ p2s. In particular,

since this holds for all c ∈ P2, and for a fixed c ∈ P2, the expected degree of c in HP is the expected number

of edges abc ∈ E(R) containing c for which a ∈ A1 and b ∈ B2, we have E[dHP
(c)] ⩽ p2s. Furthermore,

note that the pairs a ∈ A1 b ∈ B2 for which c = |b − a| = b − a are pairwise disjoint, so that the random

variables 1{abc ∈ E(R)} over all such pairs are independent. Applying a Chernoff bound (Theorem 2.1), for

each c ∈ P2 we have

P(dHP
(c) > (1 + γ)p2s) ⩽ P(|dHP

(c) − E[dHP
(c)]| ⩾ γp2s) ⩽ 2e−

γ2p2s
3 = 2e−Ω(n).

Taking a union bound we obtain

P

( ⋃
c∈P2

{
dHP

(c) > (1 + γ)p2s

})
⩽
∑
c∈P2

P
(
dHP

(c) > (1 + γ)p2s
)
⩽ 2ne−Ω(n). (5.1)

Furthermore, for c ∈ P2 ∩ [2s, n − 2s], we have E[dHP
(c)] = p2dR(c) = p2s and by a Chernoff bound (Theo-

rem 2.1) we have

P(|dHP
(c) − p2s| ⩾ γp2s) ⩽ 2e−

γ2p2s
3 ⩽ 2e−Ω(n).

Again taking a union bound gives

P

 ⋃
c∈P2∩[2s,n−2s]

{
dHP

(c) ̸= (1 ± γ)p2s

} ⩽ 2ne−Ω(n). (5.2)

• Let b ∈ B. Suppose abc ∈ E(R) for some a ∈ A and c ∈ C. The events that a ∈ A1 and that c = b− a ∈ P2

happen independently with probabilities p and p/2 respectively, unless b − a = a, in which case there is a

dependence. This latter case can only happen at most once, if b = 2a. Thus the expected number of edges

abc ∈ E(R) containing b for which a ∈ A1 and c ∈ P2 is p2

2 dR(b) ± 1 ⩽ p2s+ 1. Since this number of edges is

precisely the degree of a vertex b ∈ B2 in HP , we have E[dHP
(b)] ⩽ p2s+ 1 for all b ∈ B2.

Consider the product space Ω = Xn with X = {v ∈ S2, v /∈ S2} and first suppose b ∈ B2. Then dHP
(b) is a

2-Lipschitz function from Ω to R. Indeed, for any v ∈ [n], v is contained in at most two edges alongside b in

the hypergraph R (at most one for each of the possibilities that v ∈ A and v ∈ C), so changing the outcome

of whether some vertex v belongs in S2 or not changes the degree of b by at most 2. We apply McDiarmid’s

inequality (Theorem 2.2) to obtain

P(dHP
(b) > (1 + γ)p2s) ⩽ P(|dHP

(b) − E[dHP
(b)]| ⩾ γp2s− 1) ⩽ 2e−

(γp2s/2)2

8s ⩽ 2e−Ω(n). (5.3)
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Again we can apply a union bound by ranging over all possible (at most n/2) choices for b ∈ B2 to obtain

that with probability at most ne−Ω(n), some vertex in B2 has degree greater than (1 + γ)p2s in HP .

Secondly suppose b ∈ B2 ∩
[
n
2 + 2s, n− s

]
. Then E[dHP

(b)] = p2

2 dR(b) ± 1 = p2s ± 1. Again we have that

dHP
(b) is a 2-Lipschitz function from the same product space Ω to R, and by the same inequality from the

right hand side of 5.3, the probability that dHP
(b) ̸= (1 ± γ)p2s is at most 2e−Ω(n). Taking a further union

bound, with probability at most ne−Ω(n), some vertex in B2 ∩ [n2 + 2s, n− s] has degree ̸= (1 ± γ)p2s in HP .

• Let a ∈ A. An identical argument to the case above gives that the expected number of edges abc ∈ E(R)

containing a for which b ∈ B2 and c ∈ P2 is p2

2 dR(a) ± 1 ⩽ p2s + 1. Thus E[dHP
(a)] ⩽ p2s + 1 for all

a ∈ A1. In the same way, dHP
(a) is a 2-Lipschitz function from Ω to R, on the same product space. Applying

Theorem 2.2 and a union bound as before, with probability at most ne−Ω(n), some vertex in A1 has degree

greater than (1 + γ)p2s in HP .

In the same way as before, the probability of some vertex in A1 ∩ [2s, n2 − s] having degree ̸= (1 ± γ)p2s in

HP is at most ne−Ω(n).

One further application of the union bound tells us that with probability 1− o(1) all vertices in HP have degree at

most (1 + γ)p2s, and combining this with (P1) we have that

∆(HP ) ⩽ (1 + γ)p2s = (1 + γ)
p2µm

10
⩽

(
1 + γ

1 − γ

)
p2µ

10
|HP | ⩽ (1 +

√
γ)
p2µ

10
|HP |,

where the final inequality holds since 1+y
1−y ⩽ 1 +

√
y for all 0 < y ≪ 1. This proves (P2).

Combining inequalities, as a consequence of a union bound, we deduce that with probability at least 1 − o(1), all

vertices in the following set have degree (1 ± γ)p2s in HP .(
A1 ∩

[
2s,

n

2
− s
])

∪
(
B2 ∩

[n
2

+ 2s, n− s
])

∪ (P2 ∩ [2s, n− 2s]) .

Considering this interval of possible degrees, and using (P1) and our choice of γ, gives

(1 ± γ)p2s = (1 ± γ)
p2µm

10
=

(
1 ± γ

1 ± γ

)
p2µ

10
|HP | = (1 ±√

γ)
p2µ

10
|HP |.

This proves (P3). So, all of our objectives are satisfied with high probability, and we are finally ready to apply

Theorem 5.3. Taking
√
γ, µ, p2µ

10 and |HP | to play the roles of γ, µ α and n respectively, with high probability we

can apply Theorem 5.3 to find a matching in HP covering all but 2µ|HP | vertices. Denote it by MP . As mentioned

earlier, we can apply the exact same method to HQ, and apply a union bound, to get that with probability 1− o(1)

both MP and MQ exist as in the statement of the claim. ■

Note that HP and HQ are vertex-disjoint and V (HP )∪V (HQ) = V (H[n][S1, S2, S2]). Then with probability 1−o(1),

there is a matching M := MP ∪MQ in H[n][S1, S2, S2], and with probability 1 − o(1), covering all but at most

2µ(|HP | + |HQ|) = 2µ|H[n][S1, S2, S2]| vertices in H[n][S1, S2, S2]. Since H[n][S1, S2, S2] is 3-uniform and 3-partite,

then such a matching M covers the same number of vertices in each of its tripartition classes, and therefore covers

all but at most 2µmax{|S1|, |S2|} vertices in each class. Each vertex class has size at least min{|S1|, |S2|}. Finally

we take θ−1(M) to be the corresponding rainbow matching in the edge-coloured graph K[n] with all edges between

S1 and S2 having colour in S2. Thus we know that with probability 1 − o(1), this matching exists, and covers all

but at most 2µmax{|S1|, |S2|} vertices in both S1 and in S2. By construction θ−1(M) ⊆ G and by Lemma 5.2 no

edge in G has colour 1. So it also follows that no edge in θ−1(M) has colour 1, as desired.
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5.2 Embedding trees with a splitting vertex

We focus on trees with a specific structure that will be particularly useful for embedding the auxiliary tree defined

in the proof of Lemma 5.9, and as mentioned in the strategy overview in Section 3.

Lemma 5.6. Let n−1 ≪ ζ ≪ ε < 1 and suppose that T is an (n + 1)-vertex tree containing a vertex v such that

all components of T − v have order at most ζ−1. Then there exists a rainbow copy of T in K[(1+ε)n]∪{0} such that

v receives label 0, and no edge has colour 1.

Proof. Choose λ ∈ (0, 1) and n ∈ N to satisfy the hierarchy given by

n−1 ≪ λ≪ ζ ≪ ε. (5.4)

Let d := ⌊λn⌋. Let k denote the number of all possible rooted trees on at most ζ−1 vertices, and denote these

rooted trees as T1, T2, . . . , Tk. Note that by Cayley’s formula, there are at most (ζ−1)ζ
−1−1 trees on at most ζ−1

vertices. For each of these there are at most ζ−1 vertices to select as a root. So in total, we have k ⩽ (ζ−1)ζ
−1

. We

can assume by (5.4) that λ ⩽ εζ1/ζ/18 and so in particular λk ⩽ ε/18. Let T be an (n+ 1)-vertex tree and suppose

there exists a vertex v ∈ V (T ) satisfying the assumptions of the statement. Then in particular every component of

T − v is isomorphic to Ti for some i ∈ [k] where the root of Ti is the sole neighbour of v in T (there cannot be more

than one neighbour of v in this component as else this would create a cycle). For each i ∈ [k], let mi ∈ N ∪ {0}
count the number of components in T − v which are isomorphic to Ti, with the root neighbouring v. We view the

forest T − v as a collection of rooted trees by

T − v ∼= (T1 ×m1) + (T2 ×m2) + . . .+ (Tk ×mk),

where v is adjacent to the root of each Ti. For each i ∈ [k], let m′
i be the smallest integer at least as big as mi

which is divisible by d. So mi ⩽ m′
i < mi + d. Define F ′ to be the forest given by

F ′ = (T1 ×m′
1) + (T2 ×m′

2) + . . .+ (Tk ×m′
k).

It follows that T − v is a subgraph of F ′. Let n′ := |F ′|. Since m′
i < mi + d for every i ∈ [k], then n′ < n + dk ⩽

(1 + λk)n. By our choice of each m′
i being divisible by d, we can write F ′ = F̂ × d for the forest F̂ given by

F̂ =

(
T1 ×

m′
1

d

)
+

(
T2 ×

m′
2

d

)
+ . . .+

(
Tk × m′

k

d

)
.

So now we have that T − v is a subgraph of F̂ × d and let us consider the tree T ′ obtained by adding vertices and

edges to T so that that T ′ − v is isomorphic to F̂ × d, where v is adjacent to the root in each component of F̂ . We

have that |F̂ × d| = n′ ⩽ (1 + λk)n. In particular note that

e(F̂ ) < |F̂ | ⩽ (1 + λk)
n

d
⩽ (1 + λk)

2n

λn
⩽ 2(λ−1 + ζ−1/ζ). (5.5)

We will require some extra labels in our complete graph in order to find a rainbow embedding of T ′. Let δ := λ2

and choose ñ to be the smallest even integer that is at least (1+δ)n′

1−δe(F̂ )
. We will construct a rainbow copy of T ′ in

K[ñ]∪{0} by mapping v to 0, and the remaining vertices in T ′ \ {v} will be assigned a unique label in [ñ] so that all

edges of T ′ have a distinct colour in K[ñ]∪{0}. We will also enforce the additional restriction that colour 1 cannot

be used. Since T ⊆ T ′, this defines a rainbow embedding of T in K[ñ]∪{0} where v receives label 0, by considering

the same embedding restricted to V (T ). Using (5.5) and recalling that n′ ⩽ (1 + λk)n, it follows from (5.4) that

ñ ⩽

⌈
(1 + δ)n′

1 − δe(F̂ )

⌉
+ 1 ⩽

(1 + 2δ)(1 + λk)n

1 − 2δ(λ−1 + ζ−1/ζ)
⩽ (1 + ε)n,
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So, finding a rainbow copy of T in K[ñ]∪{0} satisfying the required properties will give us our desired embedding of

T in K[(1+ε)n]∪{0}.

Let p := 1
|F̂ | and consider a p-random partition [ñ] = S1∪S2∪ . . .∪S|F̂ |, meaning that each element of [ñ] is selected

independently and uniformly at random with probability p to belong to a single part. Then for each i ∈ |F̂ |,
|Si| ∼ Bin(ñ, p) and E|Si| = pñ = (1+δ)d

1−δe(F̂ )
± 2d

n′ . So applying Theorem 2.1 gives

P
[∣∣∣|Si| − E|Si|

∣∣∣ > δd

1 − δe(F̂ )

]
⩽ P

[∣∣∣|Si| − E|Si|
∣∣∣ > 4δ

(1 + δ)
E|Si|

]
⩽ 2e

− δ2d
(1+δ)(1−δe(F̂ )) = 2e−Ω(n) (5.6)

Let µ := δζ(1−2δ)
4(1+2δ) and note that n−1 ≪ µ. We have p = d/n′ ⩾ λ/2, and so n−1 ≪ p. Consider any pair i, j ∈ [|F̂ |]

such that i < j. Apply Lemma 5.4 with Si, Sj , ñ, p and µ playing the roles of S1, S2, n, p and µ respectively, to

deduce that with probability 1− o(1), there is a rainbow matching with edges between Si and Sj having colours in

Sj \ {1}, covering all but at most 2µmax{|Si|, |Sj |} vertices in both Si and Sj . Taking a union bound and using

(5.6), with positive probability such a matching exists for each pair i, j, and |Si| = (1+δ)d

1−δe(F̂ )
± δd

1−δe(F̂ )
is satisfied for

all i ∈ [|F̂ |]. Therefore taking n to be sufficiently large, we can assume that there is a partition [ñ] = S1 ∪ · · · ∪S|F̂ |
satisfying the properties that

d

1 − δe(F̂ )
⩽ |Si| ⩽

(1 + 2δ)d

1 − δe(F̂ )
(5.7)

for all i ∈ [|F̂ |], and that there is a collection of matchings M0 := {Mij : i, j ∈ [|F̂ |], i < j} such that each Mij

is Sj-rainbow, covers all but at most 2µmax{|Si|, |Sj |} vertices in both Si and Sj , with all edges between Si and

Sj , and that no edge in any matching in this collection has colour 1. Fix such a partition for the remainder of the

proof.

We will combine these matchings in order to embed the graph F̂×d. Enumerate the vertices of F̂ as u1, . . . , u|F̂ | using

the rooted ordering of each component, that is, all roots are given the lowest index, and vertices are arbitrarily

labelled in ascending order of distance from a root. Note that any vertex in this ordering has at at most one

neighbour amongst the lower indexed vertices, using the property that rooted trees are 1-degenerate. The element

1 belongs to exactly one vertex set Si in the partition. If this i is such that ui is a root in a component of F̂ , then

we can assume that it is possible to choose a j such that uj is not a root, and switch the parts Si and Sj . Indeed,

if there is no such j, then T is an n + 1 vertex star with centre v and we can give each of the n leaves a distinct

label in {2, 3, . . . , n+ 1} ⊆ {2, 3, . . . , (1 + ε)n} to satisfy the lemma. So now let us assume 1 is in some part Si for

which ui is not a root. Let M := {Mij : uiuj ∈ e(F̂ )}. We use the following claim.

Claim 5.7. K[ñ] contains a rainbow copy of F̂ × d such that if ψ : V (F̂ × d) → [ñ] corresponds to this embedding,

then the following properties are satisfied:

(i) for every j ∈ [|F̂ |], ψ(uj) ∈ Sj,

(ii) for every ℓ ∈ [|F̂ |] such that uℓ is a root in a component of F̂ , ψ(uℓ) ̸= 1 and no edge in the embedding has

colour in Sℓ,

(iii) no edge has colour 1.

Proof of claim. Recall that a rainbow copy of F̂ ×d is exactly the union of e(F̂ ) colour-disjoint rainbow matchings,

where each matching has size d and corresponds to a unique edge in F̂ . So, we use the partition S1 ∪ . . . ∪ SF̂ to

find a collection of rainbow matchings, each of which contains only edges of colour in Sj for some j ∈ [|F̂ |], and

such that no two matchings use the same colour set.

Note that by choice of our ordering, for a fixed index j, there is at most one i < j such that uiuj ∈ E(F̂ ). In

particular at most one matching in M is Sj-rainbow. Since this holds for all j, then the matchings in M are
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pairwise colour-disjoint in K[ñ], and clearly also pairwise edge-disjoint.

For each t ∈ [|F̂ |], let us define the subcollection of matchings Mt := {Mij ∈ M : i = t or j = t}. Consider the set

of ‘bad’ vertices in St to be those in the set

Bt := St \
⋂

M∈Mt

V (M).

By (5.7), it follows that |Si| ⩾ |Sj |− 2δd
1−δe(F̂ )

and vice versa for any pair i, j. Without loss of generality assume that

|Sj | ⩾ |Si| (else we can easily apply the same argument the other way around), and we consider the lower bound in

(5.7) to see that

2µ|Sj | =
δζ(1 − 2δ)

2(1 + 2δ)
|Sj | =

δζ

2(1 + 2δ)
(|Sj | − 2δ|Sj |) ⩽

δζ

2(1 + 2δ)

(
|Sj | −

2δd

1 − δe(F̂ )

)
⩽

δζ

2(1 + 2δ)
|Si|.

So we can conclude that 2µmax{|Si|, |Sj |} ⩽ δζ
2(1+2δ) min{|Si|, |Sj |}, and therefore every matching Mij ∈ M covers

all but at most δζ
2(1+2δ) min{|Si|, |Sj |} vertices in Si and all but at most δζ

2(1+2δ) min{|Si|, |Sj |} vertices in Sj .

In particular, for every i ∈ [|F̂ |] we have |Bi| ⩽
∑

M∈Mi
|Si \ V (M)| ⩽ |{e ∈ E(F̂ ) : ui ∈ e}| · δζ

2(1+2δ) |Si|. Again

using (5.7), we deduce that∑
i∈[|F̂ |]

|Bi| ⩽
∑

i∈[|F̂ |]

∑
e∈E(F̂ ):
ui∈e

δζ

2(1 + 2δ)
|Si| ⩽

δζ

1 + 2δ
e(F̂ ) max

j
|Sj | ⩽ δζe(F̂ ) min

j
|Sj |. (5.8)

Let H ⊆ K[ñ] be the graph obtained by taking the union of the matchings
⋃

M∈MM and deleting all connected

components which contain a bad vertex. The components of H combine to form copies of F̂ , of which each copy

will contain exactly one vertex in each part. Since every component of F̂ has at most ζ−1 vertices and using (5.8),

then in total we delete at most ζ−1
∑

i |Bi| ⩽ δe(F̂ )|St| vertices from
⋃

M∈MM within a given part St, in order

to obtain H. So, using the lower bound from (5.7), we can find at least (1 − δe(F̂ ))|St| ⩾ d copies of F̂ in total.

Choosing exactly d of them we find an embedding of F̂ × d in K[ñ] which we have shown is rainbow.

Clearly we have avoided colour 1 since no edge in the matchings have colour 1, so property (iii) also holds. The way

in which we have constructed this forest means that each matching Mij corresponds to an edge uiuj ∈ E(F̂ ). So,

all of the endpoints belong in the corresponding vertex classes of the partition, i.e. for every j ∈ [|F̂ |], each copy of

uj is embedded into the part Sj . Since for any root uℓ in some component of F̂ , uℓ has no neighbour in F̂ with a

lower index in the ordering u1, . . . , u|F̂ |, and so no matching of the form Mkℓ with k < ℓ has been used to construct

the copy of F̂ × d. This means there is no Sℓ-coloured matching. Since the element 1 was specially selected not to

belong to Sℓ if uℓ is a root, then no copy of uℓ receives label 1 in this process. Thus all conditions of Claim 5.7 are

satisfied. ■

So, now let us use the construction from the claim to find our desired copy of T in K[ñ]∪{0}. First we find a copy

of T ′. Let us extend the mapping ψ of V (F̂ × d) given by Claim 5.7, by adding the assignment ψ(v) := 0. Then

ψ : V (T ′) → [ñ] ∪ {0} is an injection providing us with an embedding of T ′ into K[ñ]∪{0}. We aim to prove this is

rainbow. Since we already know ψ restricted to V (F̂ × d) is rainbow, it remains to check that by mapping v to the

label 0, we create no colour repetitions.

By choice of F̂ , we know that only the roots within each component of F̂ are neighbours of v, and thus by

embedding v to 0 in K[ñ]∪{0}, we only add edges between v and copies of roots in F̂ . These edges will have colour

|ψ(uℓ) − ψ(v)| = |ψ(uℓ) − 0| = ψ(uℓ) for some copy of a root uℓ ∈ V (F̂ ), and since we know ψ(uℓ) ∈ Sℓ from

property (i) and ψ(uℓ) ̸= 1 from property (ii), then all colours added in this embedding belong in Sℓ for some ℓ

such that uℓ is a root, and none of the edges have colour 1. Also by property (ii) of the embedding, these edges
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will be colour-disjoint from those already embedded within F̂ × d. Our resulting copy of T ′ is therefore rainbow.

Finally we restrict this embedding by only considering the vertices of T , which is possible since T is a subtree of

T ′. This gives us our desired rainbow copy of T in K[ñ]∪{0} ⊆ K[(1+ε/2)n]∪{0}, such that v is assigned to label 0,

and we have avoided using colour 1 on any edge.

5.3 Extending the rainbow embedding

We hope to use the statement of Lemma 5.6 in order to consider more families of trees. We do this by proving that

for certain trees, it is possible to contract vertex sets so that the resulting tree contains a vertex of high degree which

separates it into components of small order. Applying Lemma 5.6, the labelling provided will then be extended by

converting each edge of the contracted tree into a matching in the original. First, we need the following proposition

which will be useful in finding rainbow perfect matchings between intervals.

Proposition 5.8. Let i, j, ℓ, n ∈ N be such that ℓ is odd, i < j and (j + 1)ℓ ⩽ n. Consider two disjoint

intervals of integers Ii = {iℓ + 1, . . . , (i + 1)ℓ} and Ij = {jℓ + 1, . . . , (j + 1)ℓ}, and an interval of colours,

Cij = {(j − i)ℓ− ⌊ℓ/2⌋, . . . , (j − i)ℓ+ ⌊ℓ/2⌋}. Then there exists a rainbow perfect matching in K[n] from Ii to

Ij using colours in Cij.

Proof. Note that ℓ = ⌈ℓ/2⌉ + ⌊ℓ/2⌋. We match up the first ⌈ℓ/2⌉ elements of Ii with the first ⌈ℓ/2⌉ elements of Ij ,

by smallest to largest, second smallest to second largest, and so on, to get a matching M1 explictily defined as

M1 = {(iℓ+ y, jℓ+ ⌈ℓ/2⌉ + 1 − y) : y ∈ {1, 2, . . . , ⌈ℓ/2⌉}} .

Similarly we match up the last ⌊ℓ/2⌋ elements of Ii with the last ⌊ℓ/2⌋ elements of Ij in the same way to get a

matching M2 given by

M2 = {(iℓ+ ⌈ℓ/2⌉ + z, (j + 1)ℓ+ 1 − z) : z ∈ {1, 2, . . . , ⌊ℓ/2⌋}} .

See Fig. 3 for an example. Note that V (M1) ∪ V (M2) = Ii ∪ Ij and V (M1) ∩ V (M2) = ∅, thus M := M1 ∪M2 is

a perfect matching. It is easy to see that both M1 and M2 are individually rainbow, since the colour of the edges

strictly decrease as we match up the pairs from smallest to largest and so on. It remains to verify that their union

maintains the rainbow property, and all edges have a colour in Cij .

Consider any edge in M1. It will be in the form (iℓ+ y, jℓ+ ⌈ℓ/2⌉ + 1 − y) for some y ∈ {1, 2, . . . , ⌈ℓ/2⌉}. Calcu-

lating the absolute difference, the colour of this edge is

jℓ+ ⌈ℓ/2⌉ + 1 − y − iℓ− y = (j − i)ℓ+ ⌈ℓ/2⌉ − 2y + 1.

Therefore C(M1) = {(j − i)ℓ+ ⌈ℓ/2⌉ − 2y + 1 : y ∈ {1, 2, . . . , ⌈ℓ/2⌉}}. By the same reasoning, we similarly deduce

that C(M2) = {(j − i)ℓ+ ⌈ℓ/2⌉ − 2z : z ∈ {1, 2, . . . , ⌊ℓ/2⌋}}, using the identity ⌈ℓ/2⌉ = ℓ−⌈ℓ/2⌉+ 1 since ℓ is odd.

1 2 3 4 5 6 7

15 16 17 18 19 20 21

M1 contains odd colours M2 contains even colours

Figure 3: Rainbow matching between intervals I0 and I2 for ℓ = 7, with colour set {11, 12, . . . , 17}.
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Colours in each of these sets have different parities, and thus they are disjoint. So, M is a rainbow perfect matching

such that each of its edges has a unique colour in the set

C(M1) ∪ C(M2) = {(j − i)ℓ+ ⌈ℓ/2⌉ − w : w ∈ {1, 2, . . . , ℓ}} ,

and this is equal to Cij as desired.

Lemma 5.9. Let m−1 ≪ λ ≪ ζ ≪ ε ≪ 1 be such that ζm ∈ N, and let T be an m-vertex forest. Suppose there

exists a set of vertices S ⊆ V (T ) satisfying |S| ⩽ λm and T \S ∼= F ×ζm for some forest F with rooted components,

such that within each component the root has at most one neighbour in S, and all other vertices in the component

have no neighbour in S. Then K[(1+ε)m] contains a rainbow copy of T .

Proof. Choose γ ∈ (0, 1) such that 1/γ ∈ N and ζ/γ ∈ N, and so that the following hierarchy is satisfied

m−1 ≪ λ≪ γ ≪ ζ ≪ ε≪ 1. (5.9)

Let T be as in the statement of the lemma. Without loss of generality we may assume T is a tree and that for every

component of T \ S, the root has exactly one neighbour in S, by adding edges between roots of components and

vertices in S, and edges within S if necessary. Let d ∈ {⌈γm⌉, ⌈γm⌉+ 1} be such that d+ 3|S| is odd. We will first

construct an auxiliary tree Taux obtained from T , such that Taux contains a vertex v satisfying the assumptions of

Lemma 5.6, allowing us to find a rainbow embedding of Taux in the difference coloured complete graph on a little

more than |Taux| vertices.

Let us denote V (F ) := {u1, . . . , u|F |} using the rooted ordering of F , that is, all roots in the components of F have

lowest index, and the remainder are enumerated in ascending order in terms of increasing distance from a root.

Since in T \ S we have exactly ζm copies of each vertex in F , then we can denote the set of vertices in T \ S by

V (F × ζm) = {utℓ : ℓ ∈ [|F |], t ∈ [ζm]}.

We partition V (F × ζm) into ζγ−1|F | disjoint vertex classes, each of which will correspond to a vertex in Taux. For

this purpose, for each ℓ ∈ [|F |] and r ∈ [ζγ−1], define

Ur
ℓ :=

{
utℓ : t ∈ ((r − 1)d, rd]

}
.

In particular, for all ℓ ∈ [|F |] we have |Ur
ℓ | = d when r ∈ [ζγ−1−1] and |Uζγ−1

ℓ | ⩽ d. Let us construct and auxiliary

graph Faux on these Ur
ℓ sets that is isomorphic to F × ζγ−1. We take Faux to be the union of ζγ−1 vertex-disjoint

copies of F where for each r ∈ [ζγ−1], the vertices in the rth copy of F are given by {Ur
ℓ : ℓ ∈ [|F |]}. More explicitly,

we have

V (Faux) = {Ur
ℓ : ℓ ∈ [|F |], r ∈ [ζγ−1]} and E (Faux) = {Ur

i U
r
j : r ∈ [ζγ−1], uiuj ∈ E(F ), i, j ∈ [|F |]}.

Let Taux be the tree obtained by adding a new vertex v to Faux, and adding an edge between v and the root vertex

in every component of Faux. We can write this explicitly as

V (Taux) = V (Faux) ∪ {v} and E(Taux) = E(Faux) ∪ {vUr
i : r ∈ [ζγ−1], ui is a root in a component of F}.

Note that since in T each component of F × ζm had at most one edge going into S by assumption, then we do

not form any cycles nor multi-edges in Taux, so Taux is indeed a tree. Also, |F | ⩽ m
ζm = ζ−1 so in particular every

component of F has size at most ζ−1. We know that |F | ⩽ ζ−1 and so |Taux| ⩽ γ−1 + 1. Since all components of

Taux \ {v} have size at most ζ−1, then we can apply Lemma 5.6 to Taux with ε/2 playing the role of ε to obtain

a rainbow embedding ϕ : V (Taux) → {0, 1, 2, . . . , (1 + ε/2)γ−1} in K[(1+ε/2)γ−1]∪{0} where ϕ(v) = 0 and we avoid
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colour 1. We will use this rainbow embedding ϕ of Taux to construct a rainbow embedding ψ of T in K[(1+ε)m]. For

convenience, let η := (1 + ε/2)γ−1.

We now look only at the labels of V (F × ζγ−1) given by ϕ, and note that these all belong to [η]. Let m̃ :=

(η + 1)(d + 3|S|) and consider a partition of [m̃] into η + 1 disjoint intervals, each of length d + 3|S|. We denote

this by [m̃] = I0 ∪ I1 ∪ . . . ∪ Iη such that for each i ∈ {0, 1, . . . , η},

Ii := {i(d+ 3|S|) + 1, . . . , (i+ 1)(d+ 3|S|)} .

Consider the function g : V (T ) → {I0, I1, . . . , Iη} defined for each w ∈ V (T ) as follows: If w ∈ S then let g(w) = I0,

otherwise w ∈ V (F × ζn) and so there exists a unique pair (ℓ, t) ∈ [|F |] × [ζm] such that w = utℓ. In this case let

g(w) = Iϕ(Ur
ℓ )

for the unique r with t ∈ ((r − 1)γm, rγm] (or equivalently, for the unique r with w ∈ Ur
ℓ ). We will

use g to show that there exists a rainbow embedding ψ of T where every vertex w ∈ V (T ) is assigned a label from

the interval g(w). We embed V (T ) into K[m̃] by embedding all vertices in these vertex set in the following order:

S,U1
1 , U

2
1 , . . . , U

ζγ−1

1 , U1
2 , . . . , U

ζγ−1

2 , . . . , U1
|F |, . . . , U

ζγ−1

|F | . (5.10)

We will ensure the colours used on edges contained in T [S] belong in the interval CS := [3|S|], and that all remaining

edges outside of T [S] receive colours chosen from some other disjoint intervals. For this purpose, for every pair

i, j ∈ [η] ∪ {0} with j > i, define the colour set

Cij :=

{
(j − i)(d+ 3|S|) −

⌊
d+ 3|S|

2

⌋
, . . . , (j − i)(d+ 3|S|) +

⌊
d+ 3|S|

2

⌋}
.

Embedding vertices in S. We enumerate the vertices of S as w1, . . . , w|S| such that each of these has at most

one neighbour amongst the lower indexed vertices, possible since T [S] ⊆ T is 1-degenerate. Each vertex wi ∈ S

satisfies g(wi) = I0, and we want to embed S into a subinterval I ′0 ⊂ I0, defined by

I ′0 =

{⌈
d− 3|S|

2

⌉
, . . . ,

⌈
d+ 3|S|

2

⌉}
,

and such that the resulting embedding ψ is rainbow. We do this greedily. Suppose we have labelled the first j

vertices in this ordering for some 0 ⩽ j < |S| and we want to assign a label to wj+1. There are j < |S| labels from

I ′0 unavailable due to previously embedded vertices in S. Since at each step, there is at most one new edge having

both of its endvertices already labelled, then we have also used at most j colours on these edges. Each colour used

causes at most two labels from I ′0 to become unavailable by considering the absolute difference, in total restricting

2j < 2|S| colours. Since |I ′0| ⩾ 3|S| then there are suitable labels remaining, and we select ψ(wj) to be the minimal

label from this set of choices. Note that I ′0 is an interval of length 3|S|, and so all colours used in this process for

edges in T [S] belong in CS = [3|S|]. Furthermore under ψ, the forest T [S] is rainbow.

Embedding root vertices. We proceed by embedding the vertices which are roots in some component of F ×ζm,

noting that these sets came first (after S) in the ordering (5.10). Consider a vertex set Ur
ℓ where all vertices in

this set are copies of uℓ for some ℓ ∈ [|F |] such that uℓ is a root. Recall that we are assuming every copy of a root

vertex has exactly one neighbour in S in T , and that uℓ is a neighbour of v in Taux. Choose j := ϕ(Ur
ℓ ). We will

embed Ur
ℓ into a subinterval I ′j ⊂ Ij , adding only edges with colour in C0j . We define

I ′j := {j(d+ 3|S|) + 1, . . . , (j + 1)(d+ 3|S|) − 3|S|} .

Let d′ = |Ur
ℓ | and recall that d′ ⩽ d. Just for this step, consider a new enumeration on the vertices in Ur

ℓ by

v1, v2, . . . , vd′ , chosen such that, for the unique neighbour si ∈ NT (vi) ∩ S, we have

ψ(s1) ⩾ ψ(s2) ⩾ . . . ⩾ ψ(sd′).

19



I ′0

I ′2

I ′3

000

d+ 3|S|

2d+ 6|S|

3d+ 9|S|

4d+ 12|S|

Figure 4: Intervals I0, . . . , I3 depicted around the semi-circle, with subintervals I ′0, I ′2 and I ′3 highlighted in orange.
Vertices in S are embedded into I ′0. In this example, v is adjacent to the vertices labelled by 2 and by 3 in Taux,
and we embed the root vertices corresponding to these vertex sets into I ′2 and I ′3 respectively. Blue edges have a
colour in C02, and lighter blue edges have larger colours than darker blue edges. The same holds for pink edges
having colours in C03.

Extend the embedding ψ so that the vertices of Ur
ℓ are embedded into I ′j using the ordering v1, . . . , vd′ , so that v1

receives the smallest label in I ′j , v2 receives the second smallest label in I ′j , and so on. This is possible because

d′ ⩽ d = |I ′j |. Let i, k ∈ [γm] be such that k > i. Then ψ(vi) − ψ(si) ⩽ ψ(vi) − ψ(sk) < ψ(vk) − ψ(sk). So, the

colour of the edge visi is strictly smaller than the colour of the edge vksk, under the embedding ψ. Since this holds

for all such i, k, then any pair of edges added in the process of embedding Ur
ℓ have different colours. See Fig. 4 for

an example.

We also wish to verify that these new edges have colours in C0j . It suffices to check the colour of an edge uv

where u ∈ I ′0 and v ∈ I ′j . We have v − u ⩽ (j + 1)(d + 3|S|) − 3|S| −
⌈
d−3|S|

2

⌉
= j(d + 3|S|) +

⌊
d+3|S|

2

⌋
, and

v − u ⩾ j(d + 3|S|) + 1 −
⌈
d+3|S|

2

⌉
= j(d + 3|S|) −

⌊
d+3|S|

2

⌋
. So v − u ∈ C0j , as desired. This concludes our

embedding process for vertices which have neighbours in S.

Embedding non-root vertices. In order to embed all remaining vertices, we will require some rainbow matchings.

For all i, j ∈ [η] with j > i, note that m̃ ⩾ (j + 1)(d+ 3|S|) and we chose d such that d+ 3|S| is odd, so applying

Proposition 5.8 with m̃ and d + 3|S| playing the roles of n and ℓ respectively, there exists a rainbow perfect

matching in K[m̃][Ii, Ij , Cij ]. Denote this matching by Mij . Since these exist for each pair i = ϕ(Ur
k ), j = ϕ(Ur

ℓ )

with Ur
kU

r
ℓ ∈ E(Taux), we can consider a collection of such matchings to uniquely define the labels in our embedding

of T .

Now consider a vertex set Ur
ℓ which does not contain vertices which have neighbours in S, and assume we have

defined the embedding ψ for all previous vertex sets from (5.10). By our chosen ordering, Ur
ℓ has exactly one

neighbour in Taux amongst earlier vertex sets from the ordering (5.10), say Ur
k . By construction we know that

ψ(Ur
k ) ⊆ Iϕ(Ur

k )
, and we will embed Ur

ℓ into Iϕ(Ur
ℓ )

using the corresponding rainbow perfect matching as follows.

Let i = ϕ(Ur
k ) and j = ϕ(Ur

ℓ ). Since every vertex z ∈ Ur
ℓ has exactly one neighbour y ∈ Ur

k , and there is exactly

one edge e in Mij that contains ψ(y), then we can use this edge to uniquely determine ψ(z) by choosing ψ(z) to

be the vertex in e \ {ψ(y)}. Note by definition of Mij that this ensures that ψ(z) ∈ Ij , that distinct vertices in Ur
ℓ

are assigned distinct labels, and that colours of all edges added between Ur
ℓ and Ur

k are distinct and belong to Cij .

This completes our embedding ψ of T .

It remains to check that what we have embedded altogether is rainbow and that we have not used too many labels.

Claim 5.10. Let i, j, i′, j′ ∈ [η] ∪ {0} be such that |j − i| ≠ |j′ − i′|. Then Cij ∩ Ci′j′ = ∅.
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Proof of claim. Without loss of generality assume j > i and j′ > i′ and j − i < j′ − i′. In particular since these are

integer valued, we know j − i ⩽ j′ − i′ − 1. For any c ∈ Cij , it follows that

c ⩽ (j − i)(d+ 3|S|) +

⌊
d+ 3|S|

2

⌋
⩽ (j′ − i′ − 1)(d+ 3|S|) +

⌊
d+ 3|S|

2

⌋
= (j′ − i′)(d+ 3|S|) −

⌈
d+ 3|S|

2

⌉
so c /∈ Ci′j′ . Thus there is no c such that c ∈ Cij ∩ Ci′j′ , as desired. ■

Claim 5.11. If i, j ∈ [η] ∪ {0} are distinct and |j − i| ≠ 1, then Cij ∩ CS = ∅.

Proof of claim. Without loss of generality suppose j > i, and we can assume j − i ⩾ 2 since i and j take integer

values, and j − i ̸= 1. For any c ∈ Cij , we have c ⩾ 2(d + 3|S|) −
⌊
d+3|S|

2

⌋
> 3|S|. Since CS = [3|S| − 1], then

c /∈ CS and the statement holds. ■

Our labelling of Taux is rainbow so there are no i, j, i′, j′ ∈ [η] ∪ {0} and edges Ur
kU

r
ℓ , U

s
k′Us

ℓ′ ∈ E(Taux) for which

i = ϕ(Ur
k ), j = ϕ(Ur

ℓ ), i′ = ϕ(Ur
k′), j′ = ϕ(Ur

ℓ′) and |j− i| = |ℓ− k|. Recall also that this embedding of Taux avoided

colour 1, and so similarly there are no such i and j with |j − i| = 1. Whilst embedding S, we used colour set

CS . Whilst embedding root vertices, we used colour sets of the form C0j where j = ϕ(Ur
ℓ ) and vUr

ℓ ∈ E(Taux) for

some ℓ ∈ [|F |] and r ∈ [ζγ−1]. Whilst embedding all remaining vertices, we used colour sets of the form Cij where

i = ϕ(Ur
k ), j = ϕ(Ur

ℓ ) and Ur
kU

r
ℓ ∈ E(Taux) for some k, ℓ ∈ [|F |] and r ∈ [ζγ−1]. Thus together Claims 5.10 and

5.11 tell us that the family C of all colour sets considered are pairwise disjoint. By construction of our labelling of

T , we use each colour set C ∈ C at most once, and under ψ, the edges with a colour in C are rainbow. Altogether,

we deduce that the resulting embedding of T is in fact rainbow, as desired.

Finally let us count the total the number of labels used. We know that d ⩽ γm + 2 and |S| ⩽ λm. So, using the

hierarchy (5.9) we have

m̃ = (η + 1)(d+ 3|S|) ⩽ ((1 + ε/2)γ−1 + 1)(3λm+ γm+ 2)

⩽
(
1 + ε/2 + γ + ((1 + ε/2)γ−1 + 1)(3λ+ 2/m)

)
m

⩽ (1 + ε)m,

as desired.

6 Proof of Lemma 1.7.

We can now finally collate what we know to prove Lemma 1.7, following the proof strategy given in Section 3. As

discussed there, we need to be careful with how we choose our parameters in order to ensure that |Shigh| is small

and all waste vertices in W have low degree. So let us add in a brief sketch of how we may select these.

At the beginning, we consider many possible choices for a parameter ∆, chosen so that ∆0 ≪ ∆1 ≪ . . .≪ ∆4ε−1 ≪ n

and for a given n-vertex tree T , there exist two consecutive ∆i,∆i+1 satisfying the following property: there are at

most εn/2 edges in T which have an endvertex amongst the set of vertices with degree in the interval [∆i,∆i+1).

Call this ‘special’ set of vertices Ṽ , and choose Shigh to be the set of vertices with degree at least ∆i+1. So,

|Shigh| ⩽ 2n/∆i+1. Furthermore, the waste vertices in W either have degree strictly less than ∆i, or, they belong

to Ṽ . In the former case we can show that the number of edges touching this set is at most ∆i|W | ⩽ εn/2, and in

the latter case Ṽ was chosen specially so that there are also at most εn/2 touching this set. Therefore, when we

embed W arbitrarily at the end, the number of edges that do not receive a distinct colour is at most εn.
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Proof. Let ε > 0 and let ∆0,∆1, . . . ,∆4ε−1 be a sequence of natural numbers chosen to satisfy

∆−1
4ε−1 ≪ . . .≪ ∆−1

1 ≪ ∆−1
0 ≪ ε.

Choose N to be sufficiently large with respect to the ∆i and let n > N . Let T be an n-vertex tree. For each

i ∈ {0, 1 . . . , 4ε−1 − 1}, let Ui := {v ∈ V (T ) : dT (v) ∈ [∆i,∆i+1)} and let Ei ⊆ E(T ) be the set of edges

containing a vertex in Ui. Each edge in E(T ) belongs to at most two distinct Eis. Suppose |Ei| > εn
2 for every

i ∈ {0, 1 . . . , 4ε−1 − 1}, then

2|E(T )| ⩾
∑
i

|Ei| > 4ε−1
(εn

2

)
= 2n,

a contradiction. So there exists an i ∈ {0, 1 . . . , 4ε−1 − 1} such that |Ei| ⩽ εn
2 and for such an i, for convenience

let us define ∆ := ∆i, ∆̃ := ∆i+1 and U := Ui, noting for later that at most εn/2 edges of T contain a vertex in U ,

and that every vertex in U has degree less than ∆̃ in T .

We now additionally choose δ, ζ > 0 such that ζ is at most the output ζ0 of Lemma 4.1 when applied with δ, such

that ζn ∈ N, and satisfying

n−1 ≪ ∆̃−1 ≪ ζ ≪ δ ≪ ∆−1 ≪ ε. (6.1)

It is easily observed that δ∆ < ε/2 and δ∆̃ > 20.

Let Shigh := {v ∈ V (T ) : dT (v) ⩾ ∆̃} so that |Shigh| ⩽ 2n/∆̃ < δn/10. Since we chose ζ accordingly, we can apply

Lemma 4.1 to T with Shigh playing the role of S to obtain a vertex set W ⊆ V (T )\Shigh and a forest F with rooted

trees as components, such that |W | ⩽ δn and T \(W ∪Shigh) ∼= F ×ζn, and for every component in F ×ζn, only the

root has a neighbour in Shigh. Let T̃ = T \W , so that T̃ is a forest of the form Shigh ∪ (F × ζn), and we know that

only the roots in F ×ζn have a neighbour in Shigh. Note that ñ := |T̃ | = |T |− |W | ⩾ (1−δ)n. Choose ζ̃ := ζn/ñ, so

we have ζ̃ ∈ [ζ, ζ
1−δ ] and ζ̃ ≪ ε, and T̃ \ Shigh

∼= F × ζn = F × ζ̃ñ. Observe that |Shigh| ⩽ 2n
∆̃

⩽ 2ñ
∆̃(1−δ)

. From (6.1)

we can assume 2
∆̃(1−δ)

≪ ζ ⩽ ζ̃. Applying Lemma 5.9 with T̃ , ñ, Shigh, 2
∆̃(1−δ)

and ζ̃ playing the roles of T , m, S,

λ and ζ respectively, we find a rainbow copy of T̃ in K[(1+ε)ñ] ⊆ K[(1+ε)n].

All that is left to embed of T is the set W . First, let us embed W \ U. Since W \ U ⊆ V (T ) \ (Shigh ∪ U), then

every vertex in this set has degree at most ∆. So, the number of edges containing a vertex in W \ U is at most

|W \ U |∆ ⩽ |W |∆ ⩽ δ∆n < εn/2. Therefore, we can arbitrarily embed vertices in W into K[(1+ε)n], ensuring only

unused labels of [(1 + ε)n] are used, causing at most εn/2 colours to repeat. Finally we must embed W ∩ U . We

can similarly give these vertices an arbitrary label from what remains of [(1 + ε)n]. This adds at most εn/2 edges,

each of which may cause a colour to be repeated. Altogether we find a copy of T in K[(1+ε)n] such that all but at

most εn/2 + εn/2 = εn edges have distinct colours. This proves the lemma.
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