arXiv:2304.09155v1 [math.COJ] 18 Apr 2023

Rainbow Hamiltonicity in uniformly coloured

perturbed graphs

Kyriakos Katsamaktsis * Shoham Letzter!

April 19, 2023

Abstract

We investigate the existence of a rainbow Hamilton cycle in a uniformly edge-
coloured randomly perturbed graph. We show that for every 6 € (0, 1) there exists
C = C(0) > 0 such that the following holds. Let Gy be an n-vertex graph with
minimum degree at least én and suppose that each edge of the union of Gy, with the
random graph G(n,C/n) on the same vertex set, gets a colour in [n] independently
and uniformly at random. Then, with high probability, Go U G(n,C/n) has a

rainbow Hamilton cycle.

This improves a result of Aigner-Horev and Hefetz, who proved the same when the

edges are coloured uniformly in a set of (1 + )n colours.

1 Introduction

Given 6 € (0,1), let Gs,, be the collection of graphs on vertex set [n] with minimum
degree at least on. Determining the minimum § that guarantees that every member of
Gsn contains a given spanning subgraph is a central theme in extremal combinatorics.
The prototypical example is Dirac’s theorem [12], which says that the minimum § such
that every member of Gs,, is Hamiltonian is 1/2. On the other hand, one of the main
pursuits of probabilistic combinatorics is understanding the minimum p such that G(n, p),
the binomial random graph on [n] with edge probability p, contains a given subgraph with
high probability". Following the breakthrough of Pésa [25], it was proven in [20,21] that
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G(n,p) is Hamiltonian with high probability, if it has minimum degree at least 2 with
high probability, showing that the threshold p for Hamiltonicity is (1 + o(1)) logn/n.

As an interpolation between the two models, Bohman, Frieze and Martin [8] introduced
the perturbed graph model. Given a fixed § > 0, this is defined as Gy U G(n,p), where
Gy € Gsp, 1. this is the union of some graph on vertex set [n] with minimum degree at
least on, and the random graph G(n, p) on the same vertex set. In [8] the authors showed
that there exists C', depending only on 9§, such that for all Gy € Gs,,, the perturbed graph
GoUG(n,C/n) is with high probability Hamiltonian. That is, for every graph with linear
minimum degree, adding linearly many random edges results in a graph that is with high
probability Hamiltonian. This is best possible for all 6 € (0,1/2) up to the value of C,
since the complete bipartite graph with parts of size dn and (1 — d)n requires (n) edges
to be Hamiltonian. (When § > 1/2 no random edges are needed, due to Dirac’s theorem.)

By now there is a sizeable literature on the perturbed model; see e.g. [1,2,4,5,9,10,22,23].

In this paper we consider a rainbow variant of the above result. A subgraph H of an
edge coloured graph G is called rainbow if no two edges of H share a colour. For a finite
set of colours C, a graph G is uniformly coloured in C if each edge of G gets a colour in
C independently and uniformly at random. The problem of finding rainbow subgraphs
of uniformly coloured graphs is well studied, in particular for G(n,p) [6,11, 13,14, 17].
The problem of finding rainbow subgraphs in the uniformly coloured perturbed graph
G ~ GoUG(n,p), where Gy € Gs,,, was first considered more recently [1-5]. In particular,
the problem of containing a rainbow Hamilton cycle was first addressed by Anastos
and Frieze [5], who showed that if the number of colours is at least about 120n, then
G ~ GoUG(n,C/n) has with high probability a rainbow Hamilton cycle, for C' depending
only on ¢ and all Gy € Gs,,. Aigner-Horev and Hefetz [3] improved this result by showing
that, at the same edge probability in the random graph, n + o(n) colours suffice. We

prove that the optimal number of colours suffices.

Theorem 1.1. For any 6 € (0,1) there exists C' > 0 such that the following holds. For
Go € Gsn, let G ~ GoUG(n, C/n) be uniformly coloured in [n|. Then with high probability

G contains a rainbow Hamilton cycle.

As explained above, our result has the optimal edge probability, up to the dependence of
C on ¢, for § € (0,1/2).

The paper is structured as follows. In Section 2 we sketch the proof of Theorem 1.1.
In Section 3 we prove Theorem 1.1 assuming Lemma 3.1, the key lemma of the paper.
Next in Section 4 we state and prove some preliminary results that we need. In Section 5
we prove the existence of ‘gadgets’ which underpin Lemma 3.1. In Section 6 we prove

Lemma 3.1.

Throughout the paper, we will assume that n is sufficiently large. Asymptotic notation
hides absolute constants: if for some x,e,n > 0 we write = O(en), then there is an
absolute constant C' > 0, which does not depend on x, e, n or any other parameters, such

that < Cen. We write z < y if x < f(y) for an implicit positive increasing function f.
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We denote the set of colours on the edges of a graph H by C(H), and say that a graph H
is spanning in a colour set C’ if C(H) = C'. Finally, we let Gs,, be an arbitrary member

of G5, which is the family of n-vertex graphs with minimum degree at least dn.

2 Proof sketch

Our proof uses the absorption method. This method is typically applicable when one
searches for a spanning subgraph, and involves two stages: finding an almost spanning
subgraph; and dealing with the remainder, by having a ‘special’ set of vertices, put aside

at the beginning, that can cover any sufficiently small set of vertices.

This is done in Lemma 3.1, which says the following: with high probability there exists
a rainbow path P,p,s such that, for any sets of vertices V' and colours C" with |V’| = |C'|,
disjoint from the vertices and colors of P, there exists another rainbow path () with

vertex set V' UV (Pyps) and colours C' U C(Phys), whose ends can be any vertices in V.

We now sketch the proof of Lemma 3.1. We first put aside a subset of the vertices and a
subset of the colours, which are typically called the ‘reservoir’ (also called ‘flexible set’),
that have the following property: for any sets of vertices and colours V' C’ of the same
small size (much smaller than the reservoir) which are disjoint from the reservoir, we can
find a rainbow path P, that uses V', C" and a ©(|V’|) subset of the vertices and colours

in the reservoir.

Then the question is how to cover the rest of the reservoir; to this end, we build an
‘absorbing structure’ (P,ps above) which has the following property: it can ‘absorb’ any
subset of vertices and colours of the same size of the reservoir in a rainbow path P!, .

Then combining P!, . and Py gives Q.

The path P,,s and the ‘absorbing structure’ in which it resides are built by putting
together several ‘absorbing gadgets’, graphs on (1) vertices with the following property:
each gadget has two paths with the same endpoints such that one avoids a designated
pair of a vertex and a colour in the reservoir, and the other one ‘absorbs’ the same
pair; see Figure 1. The construction of the gadgets is done in Section 5. This absorbing
structure was introduced by Gould, Kelly, Kithn and Osthus [18] for constructing rainbow
Hamilton paths in random optimal colourings of the complete graph, and is based on ideas

of Montgomery [24].

For finding an almost spanning rainbow path we use a rainbow version of depth first

search [3,14], which was used for the same problem in [3].

3 Proof of Theorem 1.1

In this section we prove the main theorem, Theorem 1.1. We will use Lemma 3.1 below,

which we prove in Section 6.



Lemma 3.1. Let §,v,n € (0,1) and C > 0 be constants such that C™1 < n < v < 6.
Let G ~ G5, UG(n,C/n) be uniformly coloured in C = [n]. Then, with high probability,
G has a rainbow path P of length at most yn with the following property. For any
V' CV\V(Pus), C' CC\C(Pups) with2 < |V'| =|C'| <nn and distinct x,y € V', there
exists a path ) such that

e () has ends x,y,
o V(Q)=V(Pys) UV’

b C(Q) = C(Pabs) U C/'

The next lemma is a rainbow version of a commonly used consequence of the depth first
search algorithm [7], which we will use to find an almost spanning rainbow path. This

lemma was used in [3] for the same problem.

Lemma 3.2 (Prop. 2.1 [3]; Lem. 2.17 [14]). Let G be a graph with its edges coloured in
a set C. If for any two disjoint sets of vertices X, Y of size k we have |C(E(X,Y))| >
[V(G)|, then G has a rainbow path of length at least |V (G)| — 2k + 1.

The next lemma can easily be proved using Chernoff’s bound (cf. Theorem 4.1).

Lemma 3.3. Let a € (0,1) and C > 0 be constants with C~' < . Let G ~ G(n,C/n)
be uniformly coloured in C = [n|. Then, with high probability, for any two disjoint sets of
vertices X, Y of size an we have |C(E(X,Y))| > (1 — a)n.

Our main theorem now follows easilly.

Proof of Theorem 1.1. Letn, v be constants such that C~! < n < v < 4. By Lemmas 3.1
and 3.3 we may assume that there exists a path P,,s with the properties in Lemma 3.1;
and that for any disjoint X,Y C V of size k = nn/4 we have |C(E(X,Y))| > n — k.
Let Co = C \ C(Paps), let V! C V \ V(P.,s) be an arbitrary set of size k, and let V5 =
V\ (V'UV(Pabs)). So |Co] > n —~n and |Va| = |Co| — k — 1. Then, for every disjoint
X, Y C V; of size k,

IC(E(X,Y))NCo| = [Co| =k = [Va].

Therefore, in the spanning subgraph of G[V5] whose edges are edges in G coloured in Cs,
by Lemma 3.2 there exists a rainbow path P, of length at least |V3| — 2k 4+ 1. Hence
Vi = V(G) \ (V(Paps) UV (P,)) has size between k and 3k < nn — 2 and C), = C \
(C(Paps) UC(Py)) has size |V4|42. Let z,y be the endpoints of P,. Then by the property
of P,ps there exists a rainbow path @ spanning in V' (Paps) U Vi U{z, y} and C(Paps) UC)
with endpoints z,y. Then P, U @ is a rainbow Hamilton cycle. O]



4 Preliminaries

In this section we collect three preliminary results that we need: the Chernoff bound, cf.
Theorem 4.1; that random sparse subgraph of dense hypergraphs have large matchings,
cf. Lemma 4.2; and that in the perturbed graph, between any two vertices, there is a

large rainbow collection of paths of length three, cf. Lemma 4.3.

Theorem 4.1 (Chernoff Bound, [19, eq. (2.8) and Theorem 2.8]). For every ¢ > 0 there
exists ¢ > 0 such that the following holds. Let X be the sum of mutually independent
indicator random variables and write p = E[X]. Then

PX —p| > ep] < 27",

The next lemma, despite its technical appearance, proves the following straightforward
statement: quite sparse random subgraphs of dense hypergraphs contain, with high prob-

ability, a matching of linear size.

Lemma 4.2. Let a,c,d >0 and r > 2 be an integer such that ¢ < a,c,r. Let H be an

r-uniform hypergraph on n vertices with at least an”™ edges.

Let H,, be the random subgraph of H that consists of m = cn edges of H, chosen with
replacement and uniformly at random. Then, with probability at least 1 — e~ 1", the

hypergraph H.,, has a matching of size at least ¢'n.

Let ‘H, be the random subgraph of H, where we keep each edge independently with prob-

r+1

ability p = cn™ Then with probability at least 1 — e~ 2, the hypergraph H, has a

matching of size at least ¢'n.

Proof. Write B(G) for the size of the largest matching of a hypergraph G.

It is not hard to see that H contains an induced subgraph of minimum degree at least
an”!. Hence, without loss of generality, we may assume that A has minimum degree at

least an™1.

We first prove the result for H,,. Suppose 5(H,,) < ¢n, and let M be a maximal
matching. Then S = V(H) \ V(M) is an independent set in H,, and |S| > (1 — rc')n.
By the minimum degree condition of H, the number of edges with all vertices in S is at
least X|S|(an™™t —rdn""t) > 1(1 — ) (o — ¢)n". This gives

e(H[5])

P [S is independent| = <1 - W)

< exp (—cn ' ;(1 — TCI)(T(Z;I — TC')nr)

< exp <—%(r el rd) (a— rc’)n)




Then, since r¢’ < 1/2, the number of S C V' with |S| > (1 — rd)n is at most

n n ’ /
— < 2rc'n / —rcn‘
n((l — Tc’)n) n(rc’n) =© (rc’)

Thus by the union bound P [3(H,,) < ¢n| < exp (fera(c)n), where

(r—1)!

ferald)=2rd —rdIn(rc’) — c(1 —rd)(a—rd)

2
Since f.,q(c') is continuous near 0 and f.,,(¢') = 0—0— @ ca < 0ascd — 0, for
d = d(c,r, a) sufficiently small f.,,(c) < —@ ca < —gca, which gives the first part

of the lemma.

For the second part of the lemma observe that the same argument works: with S as

above, in ‘H, we have
1
P [S is independent] = (1 — p)*™5) < exp (—cn_’”rl =1 =rd)(a— rc')nr)
r

and a similar calculation as above shows that the probability there is such an S is at

can

most e™ 2r . O

Lemma 4.3 (Triangles and Short Paths). Let 0 < < 1, ¢,C > 0 and p, Aeon < 6,¢,C.
Let C be a set of colours of size qn. Let G ~ Gs,, U G(n,C/n) be uniformly coloured in
C. Then, with probability at least 1 — e« the following holds. For any u,v € V(G)
there i1s a matching M of size at least pn such that the colours of the edges ux, xy, vy, for

xy € M, are all distinct.

Proof. Fix u,v € V. Let p; be a constant such that p, Aeon < p1 < C 0, q.

By the minimum degree assumption, there exist disjoint subsets N, C Ng;, (u), N, C
Ne;.,. (v), of size dn/2. Consider the bipartite graph with bipartition (N, NV,) and edges

{zw € E(G(n,C/n)): z€ N,, we€ N,}.

This is a random subgraph of the complete bipartite graph, with each part having order
én/2, and edge probability C'/n. Hence, by Lemma 4.2, with probability 1 — e=?(Cn)
there is matching M of size pin.

For each zw € M, reveal whether the path uzwv is rainbow, without exposing the colours.
Then each uzww is rainbow independently with probability 1 —o(1). Hence by Chernoff’s
bound (Theorem 4.1), with probability 1 —e~¥#1") there is M’ C M with |M'| > pin/2
such that each uzwwv is rainbow, for all zw € M.

Let P = {uzwv : zw € M'}. It remains to show we can find a large M” C M’ such that

the collection P' = {uzwv : zw € M"} is rainbow.

Now reveal the colours on the edges in P. By symmetry, each triple of distinct colours in

C is equally likely to appear in P. Hence P corresponds to selecting uniformly at random
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with replacement |P| > pin/2 edges from the complete 3-graph with vertex set C. Thus,
by Lemma 4.2, with probability 1 — e=¥#19") there exists M” C M’ of size pn so that
the colours of P’ = {uzyv : xy € M"} form a matching in the complete 3-graph on C i.e.

P’ is rainbow.

The probability this fails for some pair u, v is, by the union bound, at most

— ?

n2 . (e*Q(Cén) + e*Q(Pln) + e*Q(plqn)) < e*)\conn

proving the lemma. O

5 Finding absorbers

In this section we prove Lemma 5.2, which asserts that for any vertex v, colour ¢ and any
small (but linear in size) set of forbidden vertices and colours, we can find an ‘absorber’
(cf. Definition 5.1) for v, c. These absorbers are the building blocks for P,js in Lemma 3.1.
To construct these absorbers we will need to find a rainbow 4-cycle containing a given
colour ¢, and none of the forbidden vertices and colours. This is the most technical part

of our proof, and is done in Lemma 5.5.

Definition 5.1 (Absorber). Let v be a vertex and ¢ a colour. A (v,c)-absorber is a
graph A, . with v € V(A,.) and ¢ € C(A,.) that has two paths P, P" with the following

properties.
e They are rainbow.
e They have the same endpoints.
e P is spanning in V(Ay.) and V(P') = V(P)\ {v} =V (A,.) \ {v}.
e P is spanning in C(A,.) and C(P") = C(P) \ {c} =C(A,.) \ {c}.

We call P the (v, c)-absorbing path and P’ the (v, ¢)-avoiding path. The internal vertices
of Ay are V(A, ) \ {v} and the internal colours are C(A,.) \ {c}.

For the sake of concreteness, we will refer to one of the endpoints of the paths as the first

vertex of the absorber and the other one as the last vertex.

Lemma 5.2. Let 0 < 6 < 1, C >0 and C°' < v < 8. Let G ~ Gs, U G(n,C/n)
be uniformly coloured in C = [n]. Then with high probability the following holds. For
any v € V(G) and ¢ € C and for all V' C V(G) and C' C C that have size at least
(1 — v)n, there exists a (v,c)-absorber on 11 vertices with internal vertices in V' and

internal colours in C'.

Our absorbers will consist of the union of a triangle, a 4-cycle and two paths of length
three between opposite vertices of the cycle and between a vertex in the triangle and a
vertex in the 4-cycle. We require the colours of the triangle to match the internal colours

of the square. See Figure 1.
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Figure 1: At the top is a (v, c)-absorber. At the bottom the first figure
shows the (v, ¢)-absorbing path and the second figure the (v, ¢)-avoiding path.

5.1 Finding squares

We will use the following theorem, due to Fox and Sudakov [15], that is based on the

dependent random choice method.

Theorem 5.3 (Theorem 3.1 [15]; see also Prop. 5.3 [16]). Let a,’ > 0 be constants
such that o/ < «. Let G be a bipartite graph of order n with bipartition (A, B) and
e(A,B) > an®. Then there are A’ C A, B’ C B such that for alla € A’,b € B, the
number of paths of length three between a and b in G[A', B'] is at least o/n?.

Lemma 5.4. Let o, B > 0 be constants such that < «. Let G be a bipartite graph
on n vertices with bipartition (A, B) and e(A, B) > an®. Then there exist disjoint sets
A1, Ay C A, By, By C B, such that for any a € A1,b € By, the number of paths of length
three between a,b with internal vertices in Ay, By is at least fn®. Moreover, the minimum
degree of G[Ay, By] is at least fn.

Proof. Let o satisfy f < o < « and let A’ B’ be given by Theorem 5.3. Let (Aj, As)
be a random partition of A’, and (Bj, B2) be a random partition of B’; i.e. each a € A’

lies in A; independently with probability 1/2, and similarly for Bj.

Then, since G[A’, B'| has minimum degree at least a/n, for each a € A’ the expected
number of neighbours of a in B; is at least a/'n/2; the same is true for the number of
neighbours of b € B’ in A;. Hence from Chernoff’s bound, for any a € A", b € B,

P[|N(a) N By| > o/n/3], P[IN(b) N Ay| > o/n/3] > 1 — e~ U™,

Consider a pair a € A’,b € B’. Notice that the number of paths of length three between
a,b in G[A’, B'] is equal to the number of edges between G[N(a), N(b)]. From Theo-
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rem 5.3, the number of edges of G[N(a) N B’, N(b) N A’] is at least a/n?, hence there are
B,y C N(a)NB', Ayp € N(b) N A" such that G[A,p, B,p) has minimum degree at least
a/n. Then the expected number of neighbours of each o' € A, in B, N By is at least
a’'n/2, so by Chernoff’s bound, for a’ € A,

P HN(CL,) N By N B2| > o/n/?)] >1— e Qa'n)
Similarly, for b' € By,
P HN(b/) N Aa,b N AQ‘ > o/n/3] >1— e—Q(a'n)'

Hence, for each a € A’,b € B’, the probability that the minimum degree of G[A,; N
Ay, B,y N By is less than a/n/3 is, by the union bound, at most

|Aa,b| e—ﬂ(o/n) + |Ba,b| e—Q(o/n) < e—Q(o/n).

Moreover, the number of paths of length three between a, b with internal vertices in Ay, B
is

€<N(CL) N BQ, N(b) N Ag) 2 e(N(a) N BQ N Ba,b; N(b) N AQ N Aa,b)a
which is at least the square of the minimum degree of G[N(a)NByNBgp, N(b)NA3NA, ).

Hence, the probability that the number of paths of length three between a € A", b € B’
with internal vertices in Ay, By is less than a>n?/9 is at most e,

By the union bound over a € A’)b € B’ and pairs (a,b) € A’ x B’ the probability that
a random partition fails to satisfy the lemma, with 8 = o/?/9, is at most ne~e'n) 4

Q(a'n)

n2e~ < 1. Thus there exists a partition as desired. O

Lemma 5.5. Let 0, q1,q2, sy be constants such that 0 < 6 < 1, 0 < ¢ < ¢ and
0 < Ay < 0,q2. Let C be a set of colors with |C| = ¢in and Co C C? be a collection
of colour triples that are pairwise disjoint, with |Co| = gan. Let G be a graph of order n
and minimum degree at least on which is uniformly coloured in C. Then, with probability
at least 1 — e the following holds. For any c € C there exists a 4-cycle in G coloured

(c1,¢9,¢3,¢), for some (c1,ca,c3) € Co.

Proof. Let B,71,73 be constants such that 8 < § and Ay < 73 < 71 < 7 < B,q; "

Fix ¢ € C. By passing to a bipartite subgraph of G with at least e(G)/2 edges, from
Lemma 5.4 there exist disjoint Aj, By, As, By C V(G) such that the bipartite graph
G[A;, B1] has minimum degree at least Sn, and for all @ € A;,b € By, the number of
edges in G[N(a) N By, N(b) N Ay] is at least Bn?. We will reveal the colours of the edges
in G[A; U Ay, By U By] in the order E(Ay, By), E(A1, By), E(As, By), E(As, Bs).

Since each edge of G[A;, By] is coloured ¢ independently with probability (¢in)~!, by
Lemma 4.2, with probability at least 1 —e~%(*a™) there exists a matching M C G[A;, Bi]

of size at least yn with all edges coloured c.



For (c1,¢9,¢3) € Co say an edge e € E(Ay, Bs) is good for (¢, ¢, c3), if, when C(e) = ¢,
it completes a 4-cycle coloured (cy, ¢z, ¢3, ¢) with vertices in Ay, By, As, By (in this order).
Notice that, this definition does not depend on the colours of the edges in G[Ajy, Bs]. Let

F(c1,c9,c3) :={e € E(Ay, By) : e is good for (c1,co,c3)}.

Claim 5.6. Fiz (c1,c,c3) € Co. With probability at least 1 — e O™ | F(ey, cq, c3)] >

Y31.

Proof. Let ab € M. Since e(N(a) N By, N(b) N A) > n?, there exist Ay C N(b) N Ay,
Bay € N(a) N By such that G[Ag, Bapy| has minimum degree at least Sn. Let G’ be the
spanning subgraph of G such that zy € F(G") if and only if the following holds:

o If vy € Eg(Ay, By) then xy € M.

o If vy € Eg(A1,B,) then z € V(M) N Ay and y € By, where M(x) is the
neighbour of x in M.

o If vy € Eq(Ay, By) then y € V(M) N By and © € Apyqy)y-

o If vy € E;(Ay, By) then zy € Eq(A., B.) for some e € M.

Since G is 4-partite with parts Ay, By, As, Bs, this exhausts all possible edges of G'.

Then the number of edges of G'[A1, By| is at least > .c 4y [Bas| = vBn%. More-
over, each edge is coloured c; independently with probability (¢;n)~!. Therefore, by
Lemma 4.2, with probability at least 1 — e~*(*sa®) there is a matching M; in G'[A;, By

coloured c; that has size at least vyn.

Finally, we will find a large matching M3 coloured c3 which, along with M; and M will
give us a large number of good edges for (cq, ¢z, c3). To this end, let G” be the spanning
subgraph of G’ such that zy € E(G") if and only if the following holds:

o if vy € B¢ (A1, By) then zy € M and x € V(M) NV (M,).
o If xy € Fg/(Ay, By) then zy € M.

o If vy € Eci(Ay,By) then y € V(M) N By, M(y) € V(M;), and x € Apgyy N
Ner (My (M (y)))-

o If zy € E¢/(As, By) then there exists ab € M such that y = M;(a) and x € Ag.

Again, this exhausts all possibilities for the edges of G”.

Then the number of edges of G"[Ay, By] is at least

> | Ner (My(a)) O Aas| > 71802,

abeM:acV (M1)NAy
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where we use that for all ab € M the minimum degree of G"[A, Bay| is at least fn.
Moreover, each edge of G”[As, By] is coloured c3 independently with probability (q;n)~".

—Q(Asqn)

Hence, by Lemma 4.2, with probability at least 1 —e , there exists a matching Ms;

in G"[As, B;] coloured c; that has size at least ysn.

Let
F()(Cl,CQ,Cg) = {a:y € E(;N(AQ, Bg) X E V(Mg) N A2 }

Notice from the definition of G” that every x € As has a neighbour in Bs, hence
|Fo(cr,cea,c3)] > |Ms]. Moreover, if xy € Fy(cy,co,c3), then, by the definition of G”,
there are a € Ay,b € By such that ab € M, ay € My, xb € Mj; i.e. C(ab) = ¢, C(ay) = ¢,
C(xb) = c3. Therefore, zy is a good edge for (¢, ¢2, ¢3). Thus Fy(cy, o, ¢3) C F(cq, c2,c3),
so |F(ey,ea,¢3)| > |Folcr, e, e3)] > |Ms| > ~3n and the claim follows. O

By the union bound over (cy, ¢, ¢3) € Cy, for which there are gan choices, Claim 5.6 implies
that with probability at least 1 —e™?*sa™) for each (ci, ¢, c3) € Co, |F(c1, ca, c3)| > 3n.
Let

F'(e) := {cy € C : there exist ¢, c3 such that (¢, co,c3) € Co and e € F(cy, 2, ¢3)}-

Then, using that no two triples in Cy share a colour we have

Z |F'(e)] = Z |F(c1,¢a,¢3)| > |Colysn = gysn’®

eEE(AQ,BQ) (01102703)660

Now we reveal the colours of E(Ay, By). For e € E(As, By) let A, be the event that e
gets a good colour i.e. C(e) € F'(e). Then P [A.] = |F'(e)| /@an. Each edge is coloured
independently, so the events A, are mutually independent. Hence, the probability that
no e € E(As, By) gets a good colour is

H (1 - P [Ae]) S eXp | — Z P [Ae]

e€E(A2,B2) e€E(A2,B2)
F/
=exp | — Z —| () < exp (__qz'ygn).
qan q
eEE(Ag,Bg)

3N

Hence, with probability at least 1 —e “a , at least one edge gets a good colour, i.e.
there exists e € E(Ag, B2) such that C(e) € F'(e), as required for the lemma.

The above fails for some colour ¢ with probability at most
qlne—Q()\sqn) S e/\sqn7

proving the lemma. O
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5.2 Proof of Lemma 5.2

Proof of Lemma 5.2. Let p,p’ be constants satisfying C~! < v < A\, p,p) < §. Fix
veV(G),ceCand V' CV(G), C' CC of size at least (1 —v)n.

For the next claim, it is useful to refer to Figure 1.

Claim 5.7. With probability 1 — e~ | there exist a 4-cycle K = xyzw and a triangle
T = vuv in G[V']| such that C(yz) = ¢, C(zw) = C(uv'), C(xy) = C(vv'), C(zw) = C(vu).

Proof. Let (Va,Vh) be a random partition of V’. Then from Chernoft’s bound, a union
bound over v € V', and v < 1, with probability 1 —e~*®") the graphs Gs.,[Va], Gsn[V0]
have minimum degree at least 0n/3 and |VA|, |Vo| > n/3.

First reveal the random edges and colours of G[Va]. Then, by Lemma 4.3, with proba-
bility 1 — e (") there is a collection A, of pn rainbow triangles that pairwise intersect
only on v; are pairwise colour-disjoint; and V(A,) C VaU{v}. Let C, be the collection of
colour triples (C(vu),C(uu'),C(vu')) with vuu’ € A,, whose three colours are in C’'. Then
|Cy| > pn —3vn > (p/2)n.

Next reveal the colours of edges in G[Vp]. By setting Cy = C, in Lemma 5.5, it follows
that with probability 1 — e~ there exists a 4-cycle zyzw and a triangle vuu’ € A,
with colours in C,, such that C(yz) = ¢, C(zw) = C(uu'), C(zy) = C(vv), C(wz) = C(vu).

We fail to find a triangle or square as required with probability at most e (7). O]

By Lemma 4.3, with probability 1 — e~ for every u,v € V' there are p'n rainbow
paths of length three between u, v which are pairwise colour disjoint and internally vertex
disjoint. Hence, with probability 1 — e=?(?) this and the conclusion of Claim 5.7 hold

simultaneously.

Then, using v < p/, there exists two colour- and vertex-disjoint rainbow paths P;, P3 of
length 3 such that: P; has endpoints uq, w; P3 has endpoints z, z; the interiors of Py, P
are in V' \ (V(K)UV(C)); and the colours of P, P, are in C"\ (C(K)UC(T')). Then the
graph A, ., defined as

Ay =K UTUP U Py,

is a (v, c)-absorber: the (v, c¢)-absorbing path is wvu' PywzPyzy and the (v, c¢)-avoiding
path is uu' Pywz Pyxy, and it is straightforward to check they satisfy Definition 5.1. Clearly

Ay has 11 vertices.

The number of V' C V of size at least (1—v)n is at most n(") = e?@'6")" "and the same
bound holds for the number of C" C C of the same size. Using v < A, the probability we
fail to find an absorber for some v, ¢, V', C’ is by the union bound at most

n2eO(ulog1/)n . e—Q()\n) < n—2' n
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6 Proof of Lemma 3.1

To cover an arbitrary small subset of the vertices using P,.¢ into a rainbow path @ we
need the following lemma, which asserts that for any two vertices and a color we can

connect them with a short rainbow path through a random subset of the vertices.

Lemma 6.1 (Flexible sets). Let ¢, pu,d € (0,1) and C > 0 be constants such that C~' <
(<K p<id. Let G~ Gs,, UG(n,C/n). Then there exist Ve, C V', Cpex € C of size
2un such that with high probability the following holds. For all u,v € V, ¢ € C, and
View € Viier, Chrex © Criex 0f size at least (2u — C)n, there exists a rainbow path of length
seven with endpoints u, v, internal vertices in Vg, and colours in Cp,,U{c}, that contains

the colour c.

Proof. Let v be a constant satisfying C7! < ( K v < p < v < 6.

For a colour ¢, let M, be a largest matching of colour ¢ in G, and for distinct vertices
u,v, let P, , be a largest collection of pairwise vertex- and colour-disjoint rainbow paths
of length three with endpoints u,v. By Lemmas 4.2 and 4.3, with probability 1 — e™",

we have |M.| > yn and |P,,| > yn for every colour ¢ and distinct vertices u, v.

Let V' be a random subset of V', obtained by including each vertex independently with
probability u, and let C’ be a random subset of C, obtained by including each colour
independently with probability pu.

Then, by Chernoff and union bounds, with high probability, the following properties hold.

o V']IC"] < 2un,
e at least %/ﬂ’yn edges in M, have both endpoints in V', for every ¢ € C,

e at least % pyn paths in P, ,, have their interior vertices in V' and all colours in C’,
for all distinct u,v € V.

Suppose that all three properties hold, and let Vg, be a subset of V' that contains V'

and has size 2un and let Cge be a subset of C that contains C' and has size 2un.

We show that these sets satisfy the requirements of the lemma. Indeed, fix u,v,c and
Viexs Chiox @s in the lemma. Then, as ( < p, 7, there is an edge e = zy € M, with both
ends in V.. Similarly, there are paths P, € P, ., P» € P,, that are vertex- and colour-
disjoint, their interiors are in V{ ., and their colours are in Cj,, \ {c¢}. Then P, Ue U P,

is a path that satisfies the requirements of the lemma. O

We will put together several (v, c)-absorbers to construct the paths in Lemma 3.1, by
having a (v, ¢)-absorber for each edge of a bipartite graph which has the following prop-
erty. This follows an idea introduced by Montgomery [24], which was adapted to the
rainbow setting by Gould, Kelly, Kithn and Osthus [18].
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Definition 6.2 (Def. 3.3, [18]). Let H be a balanced bipartite graph with bipartition
(A, B). We say H is robustly matchable with respect to A’, B', for some A" C A and
B’ C B of equal size, if for every pair of sets X C A')Y C B" with | X| = |Y] < |A'| /2,
there is a perfect matching in H{A\ X, B\ Y]. We call A', B" the flexible sets of H.

Proposition 6.3 (Lemma 4.5, [18]). For every large enough m € N, there exists a 256-
regular bipartite graph with bipartition (A, B) and |A| = |B| = Tm, which is robustly
matchable with respect to some A" C A, B' C B with |A’| = |B'| = 2m.

Proof of Lemma 3.1. Let ¢, u, v € (0,1) be constants such that

Cleng (g pup<kr<o.

Let Viex , Caex be the sets given by Lemma 6.1 that have size 2un. By the union bound,
the conclusions of Lemmas 4.3, 5.2 and 6.1 hold simultaneously with high probability.
Assume they all hold.

Let Vius, Cour be arbitrary subsets of V' \ Viey, C \ Chex of size 5un. Let H be a bipartite
graph on (Vigex U Viur, Chex U Cpur) that is isomorphic to a graph as in Proposition 6.3
such that Vi, Chex are the flexible sets.

Claim 6.4. There is collection of absorbers A, . on 11 vertices and rainbow paths P, .
of length three, for each edge vc in H, with the following properties: the internal vertices
of Ay and of P, . are pairwise disjoint and disjoint of Vae, U Vs the internal colours
of A, and the colours of P,. are pairwise disjoint and disjoint of Cpey U Chpyp; and for
some ordering of the edges of H, the path P, . starts with the last vertex of Ay » and ends
with the first vertex of A, ., where v'c’ is the predecessor of vc in the ordering (so we can

ignore P,. for the first edge vc).

Proof. Let Hy be a maximal subgraph of H with some ordering of its edges, for which we
can find a collection of absorbers and paths as in the claim. Suppose for contradiction
Hy # H and let vic; € E(H \ Hp) and vgcg be the last edge of Hy in the ordering, that
has absorber A, ..

Let Vp, Co be the union of the vertices and colours spanned by the absorbers for E(H),
the paths connecting them, and Viex U Viur, Caex U Cour- Then, since each absorber has

11 vertices and each path connecting consecutive absorbers has 4 vertices, we have
Vol s |Col = O(e(Hyp)) = O(un) < vn/2,

where for the inequality we used that © < v. Hence by Lemma 5.2 there exists a
(v1, c1)-absorber A,, ., on 11 vertices with internal vertices and internal colours disjoint
of length
three between the last vertex of A,, ., and the first vertex of A,, .,, with internal vertices
disjoint from VoUV(A,, ., ) and colours disjoint from CyUC(A,, ¢, ). Then the subgraph of

from V, and Cy. Moreover, by Lemma 4.3 there exists a rainbow path P,
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H with edges E(Hy) U {vic, } satisfies the conditions of the claim and properly contains
Hy, contradicting the maximality of Hj. ]

We can now define P,,. Since H is regular bipartite, it has a perfect matching M.
For ve € E(H), let Py(ve) be the (v, c)-absorbing path of A, ., if ve € E(M), and the
avoiding path otherwise. Let P,. = ) if vc is the first edge, and otherwise let P,. be as
in Claim 6.4. Set
Pus= |J (Pu(ve)UPy).
vee E(H)

Then P,,s uses each v € Vi, UV and ¢ € Chex UChys precisely once; any other vertex and
colour in P, is also used, by construction, precisely once. Therefore P, is a rainbow
vceE(H)(V<AvC) UV(Py)) and cheE(H) (C(Ave) UC(Prc)) with
endpoints the first vertex w of the first absorber and the last vertex w’ of the last absorber.

path that is spanning in |J

We will now show how to construct @, given V' C V \ V(Pas) and C" C C \ C(Paps) of
size between 2 and nn, with endpoints z,y € V'. Let ¢y € C’. From Lemma 6.1, there
exists a rainbow path (); with endpoints w,z, internal vertices in Vg, and colours in

Chiex U {co}, which includes the colour ¢y and has length 7.

Claim 6.5. There exists a rainbow path Qg between w',y, with internal vertices Vg, U
(V'\ z), and colours Cj,, U (C'\ cp), for some Vi, C Vier, \ V(Q1), Chp € Chrez \ C(Q1)
with |V, | = |Chea| < pn —17.

Proof. The Claim will follow by applying greedily Lemma 6.1 to cover V'\ z, C’\ ¢q using
Viex \ V(Q1), Caex \ C(Q1) in a rainbow path with endpoints w’ and y.

Fix a linear order of V' \ x with y the last vertex. Let P, be a longest path from w’ to
a vertex in V' \ x among all rainbow paths that start at w’ and satisfy the following: if
u,v € V(Py) N (V'\ z) and u < v, then u appears before v on Fy; every seventh vertex
on Py lies in V' \ z, and all other vertices are in {w'} U Viex \ V(Q1); between consecutive
vertices in V' \ z, and between w' and the first vertex in V' \ z, there is exactly one edge

with colour in C' \ ¢y, and all other edges have colours in Cqey \ C(Q1).

Let z be the last vertex of Fy. If z = y we are done so suppose otherwise, and let 2’ € V'\z
be the vertex after z in the order. Since, by construction, |V (Fy) NV’| = [C(Fy) N ('],
there is also ¢; € C'\ C(Fp).

Let Viex = Vaiex \(V(Fo)UV(Q1)), Chiex = Caex \ (C(P0)UC(Q1)). Since |[By| < 7|V'| < Topm,
and ()7 has length 7, using n < ¢, it follows that V.| = [Ch| > (210 — {)n. Hence
by Lemma 6.1 there is a rainbow path P; between z, 2z’ of length 7, that contains an

edge with colour ¢;, and whose internal vertices and other colours are in Vj,_, Cg,,. Then

flex*

P, U Py contradicts the maximality of F.
Let Vil = V(Py) N Viex, Clloy = C(Fo) NChiex- Then |V | = |Cll| < |FPo| < {n < pun—T1,

flex flex

so we can take () = F,. O
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Let Vige = (V(Q1) UV (Q2)) N Viex and Cy,

flex flex

= (C(Q1) UC(Q2)) N Chex- Then we have

\Var | = |CiL.| < pn. Hence by choice of H there is a matching M’ between Viex \ Vi
and Chex \ Ciiny.-

As before, for ve € E(H) let Py (ve) be the (v, ¢)-absorbing path of A, . if ve € E(M')
and the avoiding path otherwise. Let

Ph.= |J (Pw(ve) UP,).

vceE(H)

Then P!, is a rainbow path that is spanning in V' (Paps) \ Vir

abs flex and C(Pabs) \Cf/iléx with
endpoints w, w'. Therefore Q = Q1 UP., UQ2 is a rainbow path, spanning in V(P ) UV’

and C(Paps) UC" and has endpoints z, y. O
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