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Ramsey numbers 1

Write G→H_ if in every red -blue colouring of the edges of G there is
a monochromatic f- red or blue) copy of H .
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DO DO
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Ramsey numbers 1

Write G→H_ if in every red -blue colouring of the edges of G there is
a monochromatic f- red or blue) copy of H .

The Ramseynumber of His

RCH) : = min { N : K ,→ H} .
Do

E.g . Rs -13 Kz
• •

,
but Ra-Ks . So r (Ks) - G .

DO DO

G : in every s
-colouring of G there is a mono copy of H .

The s-colour Ramsey number of H is rsCH) = min { N : Kiss H} .-
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Easy bounds on Ramsey numbers of paths 2

Geren e'r-Gyarfa's '67 . rCPn+,)=fnI Rfffp@
&

y Tf
path of length n Ly)

what is rslpnt) for 533?
Yongqi-Yuansheng- Feng-Bingxi

'

06

} } a

* rslpn+13 (s-Dn : m Z } TI
E b

affine plane
or

* rsCPn+,) Esntl :

In an S - colouring of Ksnt , , the majority colour has average
deg 7h ⇒ ( Erdos- Gallai '

sa) it contains a Pmi .
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Three colours 3

Figaj - Luczak '07 : rz(Pn+ ,# an .
2h-11 n even

Gyarfa's-Ruszinko - Sarkozy- Szemereidi
'
07 : r3( Putt)={2n n odd .

(for largen)
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(for large n)

Both papers used an idea of Luczak (
'99) relating Ramsey numbers

of paths / cycles to similar notions for connected matchings .
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a connected matching
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(for large n)

Both papers used an idea of Luczak (
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Three colours 3

Figaj - Luczak '07 : rz(Pn+ ,)=~ 2h .
2h-11 n even

Gyarftas-Ruszinko - Scirkiizy- Szemereidi
'
07 : r3( Putt = {an n odd .

(for large n)

Both papers used an idea of Luczak (
'99) relating Ramsey numbers

of paths ) cycles to similar notions for connected matchings .
Ms

NB
Ms

A connected matching is a matching .

Ms Be

contained in a connected component. . . .
. .

not a connected matching
NB NB NB

A mono connected matching is a matching .
.
.

B ng yg
B NB

contained in a mono connected component . a red connected matching on 4 us
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Let CMCn) be the family of connected matchings on z n us .
Write GI CMCn) if in every s
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Ibs . Pm , contains a CM(n) . So if K,-5312+1 then kiss CM (n) .
• g g g B B B

Luczak ' 99 : the converse almost holds .
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From connected matchings to paths 4

Let CMCn) be the family of connected matchings on z n us .
Write GI CMCn) if in every s

-colouring of G there is a mono
connected matching on Zn vs .

Ibs . Pm , contains a CM(n) . So if ten-Pin+e then kiss CM (n) .
• • g g B B B

Luczak ' 99 : the converse almost holds .

Lem (Figaj - Luczak
'
07) .

If HE so , large n : V
''almost complete

"
G on Catan vs : G Es CM (n) ,

then flange n : rs (Pn) 's K -10111) n .
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Sketch of proof of Figaj -Euczak lemma 5

By Szemere
'

di 's regularity lemma , given an S-colouring
G

G of Ky , F equipartition {Vz, . . . .Vk} of the us , where k
is not -too-large -or- too -small , sit . for almost all ij
the edges in each colour between Vi and Vj are

"random- like
"

.
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Sketch of proof of Figaj -Euczak lemma 5

G

By Szeineredi 's regularity lemma , given an S-colouring @
G of Ka , F equipartition {Vz, . . . .vn} of the us , where k µB③qis not -too-large -or- too -small , sit . for almost all ij @Be
the edges in each colour between Vi and Vj are

"random- like
"

. * M#
H -- auxiliary graph with vs Ck) , edges ij where (vi.Vj) . µ
is random - like in each colour

,
and ij is coloured by . .

the majority colour of Glviivj] . .

•

.

•
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Sketch of proof of Figaj -Euczak lemma 5

G

By Szemere
'

di 's regularity lemma , given an S-colouring @
G of kn , F equipartition {Vz, . . . .Vk} of the us , where k µ@②qis not -too-large -or- too -small , sit . for almost all ij @Be
the edges in each colour between Vi and Vj are

"random- like
"

. * M#
H -- auxiliary graph with vs Ck) , edges ij where (vi.Vj) . µ
is random - like in each colour

,
and ij is coloured by . .

the majority colour of Glvi .Vj] . .

•

.

Then * It is almost complete .

* connected matchings in H on xk vs⇒ paths /cycles in G on =an us.
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(we saw: (s- 11h Ers (pm) Ssn)
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Applications of Luczak's method 6

Lem (Figaj - Luczak
'
07) .

If HE >o , large n : V'
'almost complete

"
G on @+E)n vs : G Is CM Cn) ,

then ttlargen : rscpn) 's K -10111) n .

Applications .
* Knierim- Su ' la . rslcn) E ( s - 'b) n for even n .

(we saw: (s- 11h Ers (pm) Ssn)
* Jenssen - Skokan '

20 . rsccn) = 25-' in-11 for large odd n .
* Most Ramsey - type results about paths and cycles from 2000-1 . . .

Drawback : need to consider almost complete graphs .
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Applications of Luczak's method 6

Lem (Figaj - Luczak
'
07) .

If HE so , large n : tf
"almost complete

"
G on @+E)n vs : G Is CM (n) ,

then ttlargen : rscpn) 's K -10111) n .

Applications .
* Knierim- Su ' la . rslcn) E ( s - 42) n for even n .

(we saw: (s-Hn Ers (pm) Ssn)
* Jenssen - Skokan '

20 . rsccn) = 25-' int L for large odd n .
* Most Ramsey - type results about paths and cycles from 2000-1 . . .

Drawback : need to consider almost complete graphs .
Annoying ! And cannot use induction

"
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New result 7

Then (L . 21 't) . HE >o , large n : Kca+em-5 C.Mln) ⇒ Vn : rs (Pn) E @too)h .

We also prove similar results for
where different path length are

* asymmetric Ramsey numbers, (required for different colours )
* cycles , (odd cycles require an additional condition.)
* complete bipartite / complete multipartite / blow -ups of small graphs,

.
they admit more convenient structure theorems* fractional connected matchings ( so might be better for applications )
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New result 7

Then (L . 21 't) . HE >o , large n : Kca+em-5 C.Mln) ⇒ Vn : rs (Pn) E @too)h .

We also prove similar results for
where different path length are

* asymmetric Ramsey numbers, (required for different colours )
* cycles , (odd cycles require an additional condition.)
* complete bipartite / complete multipartite / blow -ups of small graphs,

.
they admit more convenient structure theorems* fractional connected matchings ( so might be better for applications )

stability results .
e'g. showing that every r-colouring ofOur approach can be used to prove (kn either contains gpmegnagkstorcthuo.se!

With Bucio- Sudakov ' 19 we proved a version for kn , n .
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D= VCGI -B • • •

-

go Be Be

•
Be

=
examples for
maximum matchings
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-
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A key lemma 8D
Given graph G , let E- { vs in every maximum matching} B

.

D= VCG ) -B
,
A={u c-B : u has an edge toD} , C -B-A o • • •

-
-

-

• Be Be

• A •

Gallai - Edmonds : For every maximum matching M : c

* MKT is a perfect matching in GET , =
examples for

*MID) covers all but one vx in each compt in GCDT
,

maximum matchings

*M matches A- to distinct compts in GCDT .
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-
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Let G be maximal on n us with no matching of size mo ng

Then G is a complete blow-up of a star . M w
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A key lemma 8D
Given graph G , let E- { vs in every maximum matching} B

.

D= VCG ) -B
,
A-- {u c-B : u has an edge toD} , C -B-A o • • •

-
-

-

• Be Be

• A •

Gallai - Edmonds : For every maximum matching M : c

* MKT is a perfect matching in GET , =
examples for

*MID) covers all but one vx in each compt in GCDT
,

maximum matchings

*M matches A to distinct compts in GCDT .

M-aLem
.
Let G be maximal on n us with no matching of size mo ng

Then G is a complete blow-up of a star . M or

A

M-aProof sketch . Let A.C,D be as above . By maximal ity , G = NE DC M w



115

Shoham Letzter An improvement on Luczak's connected matching method 27 April 2021

Proving the theorem 9

Then (L . 21 't) . HE >o , large n : Kca+em-5 C.Mln) ⇒ Vn : rs (Pn) E @told)h .
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07) .

If HE so , large n : tf
"almost complete
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G on Catan vs : G Es CM (n) ,
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Proving the theorem 9

Then (L . 21 't) . HE >o , large n : Kca+em-5 C.Mln) ⇒ Vn : rs (Pn) E @too)h .

Lem (Figaj - Luczak
'
07) .

If HE so , large n : V
''almost complete

"
G on @+E)n vs : G Es CM (n) ,

then f large n : rs (Pn) 's K -10111) n .

To prove the theorem ,
it suffices to prove the following :

II kiss CM (n) ,

then V-E so Far> o sit . if 1Gt NtEn and every VX in G has
Sdn non- neighbours then GI CM (n) .
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(edges can have multiple colours)
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Start of proof 10

Setup : * Suppose Kiss CM(n) , fix E>o , let 0<84E .

* 1Gt NtEn , every vx in G has E Jn non - neighs .
* Suppose G⇒ CM(n) . Fix s- colouring with no mono CM (n) .

Let G.ZG be maximal s-multicoloured on VIG) with no mono CM(n) .
-
-

(edges can have multiple colours)

* Every Vx in Gz has EJn non -neighs . (as GEGz) could add c-coloured

* For every colour c , there is ez c- coloured compton < E us . ⇐dms: cboetmhtsen
two)

so #(c- coloured cornpts) E ¥2-11 = 2nd -11 .
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Setup : * Suppose Kiss CM(n) , fix E>o , let 0<84E .

* 1Gt NtEn , every vx in G has E Jn non - neighs .
* Suppose G⇒ CM(n) . Fix s- colouring with no mono CM (n) .

Let G.ZG be maximal s-multicoloured on VIG) with no mono CM(n) .
-
-

(edges can have multiple colours)

* Every vx in Gz has EJn non -neighs . (as GEGz) could add c-coloured

* For every colour c , there is ez c- coloured compton < E us . (esdmodeanscboetmhtsen two)
so #(c- coloured cornpts) E ¥+1 = 2nd -11 .
* Every mono compt U is a complete blow -up of a star.

(by key lemma)
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Start of proof 10

Setup : * Suppose Kiss CM(n) , fix E>o , let 0<84E .

* 1Gt NtEn , every vx in G has E Jn non - neighs .
* Suppose G⇒ CM(n) . Fix s- colouring with no mono CM (n) .

Let G.ZG be maximal s-multicoloured on VIG) with no mono CM(n) .
-
-

(edges can have multiple colours)

* Every Vx in Gz has EJn non -neighs . (as GEGz) could add c-coloured

* For every colour c , there is ez c- coloured compton < E us . fesdmodeauscboetmwfsen two)
so #(c- coloured cornpts) E ¥2-11 = 2nd -11 .

H(u)
' head

,

* Every mono compt U is a complete blow -up of a star. Write : U = m-a Tcu,
(by key lemma) NE

M w
'

tail '
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End of proof (modulo claim) 11

Let Me be a maximum matching in E the complement of Gr

Chaim . He E.n .

Consider Gz - Gz- VCM) .

En
* 1621=1621 - 21Mt Z N . (by claim)

* Gz is complete s-multicoloured . (by choice of M)
* Ga has no mono CM (n) . (as GaEGz)

⇒ Contradiction to kiss CM (n) ?
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Suppose M is a matching in GT with IMI >E'n .
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Suppose M is a matching in GT with IMI >E'n .
For a vx u

,
define its type to be Tcu) = (Uz , . . .,Us , Az, . . . , as), where

* Ui is the i-colour compt containing a Hla)

Ui = -a
* ai= { H UEHIU) Ffg Tcu)

M wT UETCU) .
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Proof of claim 1/3 12

Suppose M is a matching in GT with IMI >E'n .
For a vx u

,
define its type to be Tcu) = (Uz , . . .,Us , Az, . . . , as), where

* Ui is the i-colour compt containing a Hla)

Ui = -a
* ai= { H UEHIU) Ffg Tcu)

M wT UC-TCU) .

The number of types is E (In -14
?
2?
-

upper bound on # i-coloured compts
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Proof of claim 1/3 22

Suppose M is a matching in GT with IMI >E'n .
For a vx u

,
define its type to be Tcu) = (Uz , . . .,Us , Az, . . . , as), where

* Ui is the i-colour compt containing a Hla)

Ui = -a
* ai= { H UEHIU) Ffg Tcu)

M wT UETCU) .

The number of types is E (In -1472?
upper boundohnfticoloured compts X (typeT)

⇒F types and MeEM :
. . . . . . . .

* edges in Mo have ends of types T,T , . . . . . . . .

* (Mol 745dm . (as #types is small and Jae) Y (type r)
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Proof of claim 2/3 13

Plan : find Mo ZMZZ . . .
2Ms : ! ! ! ! ! ! ! !

× 'type⇒

* (Mil 7 F.Mi-al Y Hyper)

* 3-no i- coloured edges between Xi=XnVlMi) and Yi=YnV(Mi) .
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's
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1 Uitwi
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>4S. In
-
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Proof of claim 2/3 13

Plan : find Mo ZMZZ . . .
2Ms : ; ; ; ; ; ; ; ;

× 'type⇒

* (Mil 7 F.Mi-al Y Hyper)

* 3-no i- coloured edges between Xi=XnVlMi) and Yi=YnVCMi) .
>4S. In
-

⇒ Hsl , I Ysl 74
's
. IMol > On , Gzfxs ,Ys) is empty .

contradiction to : every vx in Gz has Eon non -neighs .

Write T=(Us, . . . .Us , as, . . . , as) and F- (wz, . . . .ws , Pz, . . . ,Ps) .

Suppose MozMzz . . .?Mi. , are as above .

1 Uitwi ⇒ Xi, and Yi- i are in distinct i- coloured cornpts .
⇒ can take Mi =Mit .
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Proof of claim 3/3 14

2 Ui =Wi
Hla)

Ui=ff# Tcu)
M w
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Proof of claim 3/3 14

Hla)
z Ui =Wi ⇒ xi=pi=T, otherwise

,
if say ai=H then Xi-I Ui=qq Tcu,is joined to all of Ui z Yi- i ,(contradiction to Mi., EGT . ) m w

th



115

Shoham Letzter An improvement on Luczak's connected matching method 27 April 2021

Proof of claim 3/3 14

Hla)
z Ui =Wi ⇒ xi=pi=T, otherwise

,
if say ai=H then Xi-I Ui=qq Tcu,i.e. Xi.. iii.etui) . fiction''t: E'Ei: ) m .

.



115

Shoham Letzter An improvement on Luczak's connected matching method 27 April 2021

Proof of claim 3/3 14

Hla)
2 Ui =Wi ⇒ Xi=pi=T, otherwise

,
if say ai=H then Xi-i

i.e. iii. vii.etui) . ionised.ci?.oa'+ofnuiiEEi:)Ui=ffETiuiM w

Let Ke , . . . , ke be the cliques inTuli) .
-

Ml Nuit
amor
R2

Ny
M Mfk's

kz AN
M M

M
m

M

T
Nuit
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Hla)
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if say xi=H then Xi-i
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M w
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MN Halil
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.
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M Mks

j J Kz th
Ml m

ifxyc-Mi-sthenxc-ks.geKt
M

Wh
M

v-eemii.RIec.mil#4ofpiiigseiiiiipiisia.teB=E
.
) T

Mi
Hui)



115

Shoham Letzter An improvement on Luczak's connected matching method 27 April 2021
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Hla)
z Ui =Wi ⇒ xi=pi=T, otherwise

,
if say ai=H then Xi-I Ui=qq Tcu,i.e. xiyisetcuil . initiation''t:'m E'Ei: ) m .

.

Let Ke , . . . , ke be the cliques inTuli) .
-

Ml Halil
A-

Take {A,B} to be a random partition of [e] . d MMM
←BR2

Mi- { xyc-Mi-iixexi.sn/.eUakj),yeTi-zn/.eUBK;)} . my
M Mks

j J Kz th
Ml m

ifxyc-Mi-sthenxc-ks.geKt
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M
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Proof of claim 3/3 14

Hla)
z Ui =Wi ⇒ xi=pi=T, otherwise

,
if say ai=H then Xi-I Ui=qq Tcu,i.e. iii. Yisetcuil . indiction''t: E'Ei: ) m .

.

Let Ke , . . . , ke be the cliques inTuli) .
-

MN Halil
A-

Take {A,B} to be a random partition of [e] . d MMM
←BK2

Mi={ xyc-Mi-iixexi.sn/.eUaK;) , yeti.sn/.eUBK;)} . my
M Mks

j J Kz th
Ml m

ifxyc-Mi-sthenxc-ks.geKt
M

Wh
M

v-eemii.RIec-mit-44.fpiiijin.ie#isia.teB=E
.
) T

Mi
Hui)

⇒ EflMiB=¥lMi-it ⇒ appropriate Mi exists .
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Summary 15

Then (L . 21 't) . HE >o , large n : Kca+em-5 C.Mln) ⇒ Vn : rs (Pn) E @too)h .

* as mentioned
,
we prove a more general result .

31
-3
2

* Applications . -

- Bucio-L . - Sudakov '
19 . By a version of above + induction,
kn

. , Espn for N - 3¥ . ~

. By above+ induction , easier proof for rzlpn) - 2h .
¥-1

best bounds for s74 :
* Open problem . Determine rs (Pn) . ((signers (pm) Els - E)n)
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