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Clique subdivisions

Bolloba's-Thomason/Romlos-Szemeredi'96:
A

-
min

Fc>0 sit, ifG has average deg? ct2 then G has
I

I
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⑬

D
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a subdivision of Kt.
⑤. I

Tight (up to a constantfactor): G =Raia** :(2)
-I

=>(y

Bestknown bounds on leastc:
Iy (Enczak)
(Rihn-Osthus'06)



Whataboutdigraphs? ->ec R3
VItcomplete digraph on a vertices. 7 V
· [ I I

7

⑦ Is there fit) sit.: ifG has minine out-deg < f(t)
then G contains a subdivision of 't?

33-min out-degrt -> subdivision L S CI >

-
- Yes for t=2. f(z) =1 ofR2. Is

on

- Lo for t23

(Mader'susing construction ofThomassen 85'
DeVos-McDonald-Mohar-Scheide 12).



>TT transitive tournament out vertices. ..... TTy↳ 7

>

② Is there f(t) s.t.: if G has min in a outdeg f(t) then G
contains a subdivision of TIt?

This is (almost) a conjecture of Mader '96.



Immersions

G immerses H if I injection f:VH)-VIG) and edge - disjoint
paths Pur, for ureECH), sit. Pur starts atfill and ends at fill.
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DeVos-Dvorak -Fox-McDonald-Mohar-Scheide '14:
R=-1 doesIfG has average deg4 zoot then G immerses Kt. notimmersekt

t- 1

Dvorak-Pepremyan'17: min deg =11t+7 =>immersion ofRs.

Hong-Wang-Yang '20: average deg? (1+[it & H-free for H bipartite
->immersion of Kt.

Conjecture (Lescure -Meyniel 189): G immerses RxIG) ·



Immersion in digraphs

③ Is there fill sit.: ifG has min in a out-deg- fit) then
G immerses it?

10 for t-3 (DMMS 112).

Locket119: J fit) s.t.: ifG has min out-deg?fit) then it
-

immerses TTt. c t
3

conceivable thatcan take fit) =ct.



IG is Eulerian if du)=diu) for every vertex r. *
DeVos-McDonald-Mohar-Scheide 2: If G is Eulerian with

min out-deg<t" then itimmerses RI.

Thm(Girao-2. 22+). FCL0s.t. if G is Eulerian with min out-deg
atleast at then G immerses it.



Overview of the proof. X

1) Let c be a large constant.
t

Lemma. D Eulerian with min out-deg? ct =>Dimmerses
a digraph G with (t) vertices and it edges.

We use 'sparse expanders'.

*Introduced by Romlos-Szemeredi 196.

*can be found in graphs with average deg atleasta large
constant. 6 dIGK100 expander>-



Amany recent applications:

- odd cycle problem (2in-Montgomery hot)

- clique subdivisions in Cy-free graphs (Zin-Montgomery's)
- Romlo's conjecture on Hamiltonian sets
(Kim-Lin-Sharifzadeh-Staden (17) G

Our proof is a rare use of explaindigraphs
(Euleriantimmersion help).



#)Observation:If D is Eulerian and immerses 6 then it immerses

an Eulerian multidigraph G'<G with VIG) =V(G).
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#1) Lemma. If G'is an Eulerian multidigraph on a vertices whose

underlying graph (obtained by removing directions and

multiplicities) has min deg an, then itimmerses R's, where
S=c'a4n.

I +I) +II) =theorem.
D Eulerian,Oct.

I) Dux G, G has Olt vertices, cethedges.
↓

immerision
#Du G, G'Eulerian, multidigraph G'2G, VIG)=VIG)

-

#Get. - DecKI.



More about III

We will find a collection 2 of(n edge-disjointdicycles in G
each containing an edge which is simple in UC.cc2

G

G L
S

/

-

y ↑ H

simple edges
Let H be the undirected graph formed by the purple (simple) edges.



Then H has average deg R(n).

Thus, byDDFMMS 14: H immerses Kt, where t =M(n).

more it
H

I

EachPur corresponds to paths u-V and v- u in G thatare- I

Ledge-disjoint. I
.
na

C > L > 8-------

W WiW Pur [ Fru
W

t

=>G'immerses to



Open problems

① Whatis minfit) sit. If HG)?f(t) then G immerses TTt?

Lochet 119: f(t) =0(tY).

Maybe fit) =0It)?

& Mader '96: Is there git s.t. if +16)?g(t) then G contains a
subdivision of TIt?

③ Conjecture (Lescure-Meyniel 189): G immerses RAIG ·



Finding 2

Lemma 1. D multigraph on a vertices with min out-deg?an.
Then Idicycle with* Simple edges.

Apply Lemma I repeatedly to find G.

preprocessing of6 thatensues that we don'thave a dipath of
length 2 with two multiple edges. E-

-I
-



immersion.

G immerses H if-) I can be obtained from 6 by:

*delete edge/vx
xon replace a path near by ww.

c----
U W w



Proofof Lemma 1
⑧(u_ an

Lemmac. Ddigraph, w:VID)-R! If wIdlulK2.w(V(D))
then I dicycle oflength

DIDsimple subdigraph, EID' =[xy:xy is a multiple edge inDJ.
X=d

x=[x=V(D) : dix) =0. = Ecycle
~l no simple

edger
X

x4 ·

Find sets U(x), NEX, as follows:
X3 ·

<-S
*2 ·

-
X1 · L

In
·

1
T
- Juxal



D
If Fedge x -> UC), then I dicycle in D with 11 simple edge.
Suppose Ino such edges.

D
Do digraph on X with x-y iff edge x-U(y).
can check:w(It(1)aw(X) FxeX, where w() =1 U(x) 1.

Do

X
,
L C

By Lemma: Idicycle of length in Do. - L

1~ In

=>Idicycle in D with simple edges. !
Ii


