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Clique subodlivisions
Bollohas-Thomason /| Komlgs—Seemerddi '96 -
W 2
Acro <.t. € G has averaqe oleav,c,t +then G has
a Subolivigion of Ke .

\ 1 2) ~£
P 0: : 2\ ]
’riakl' (uP 10 a constant -f'a.c.*of): G- Kf-..& 2" ' .

Best known bounds on least ¢: 2 Gy (o{uceal:)
) .
< 22 (kihn-Osthus '06)



What about dligraphs @

o 2
J
F?’(-, comPIe’re, olijm[)h on t verdices.

@ Is there £(£) st.: ¥ G has min in 2 out-deg » fit)
then G contains a subdlivision of Tﬂ,

win ounk ~dles2] m S’ubolmsw"'
- _Y_e_s‘For {=2, Coned 3 ? -4 Kz ()i:}

— No for 172

(MaJcr '3s usiné_ Construction oF Thomassen gs'
DaVos- McDonald - Mohar- Scheide 'lZ).



’f'ft transitive tournament on i vertices. @. M,

@ Is dhere £(£) st.2 ¥ G has min n & out dQJ % £16) Yhen G
contains a subolivision of T ?

Tnis is (almost) a cov:jec-lu(e of Mader '96.



Imwmersions

G immerses H if a'mjed-ion £: VH) > V(G) and eolje-olisjoin'l'
paths Tuy, for uv ¢ E(H), s.t. R starts ot £ and ends at £,
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DeVos —Dvorak —Fox - McDovalo— Mohar — Scleide 'l4 :

1€ G has averaﬂa, dea__)/ -2:04{_5_ 4+hen G immerses Kf, . f —\imd::ﬁslkb

'Dvo?&k-‘t’e?remgan "7 min a(ea Y Mt+3 = immersion of K, .

Houa-Wan%- )’amg_ Q04 a.vemae oleg > (+3)Yt & H-Sree for H bEParm-e

=) immersion of Ke¢.

Conjecture (.Cescare-Meénie.l '89): G immerses Ky -




Imwmersion n digraphs
g

@ Is there £et) sit.: ¢ G has min in x out- oleaz $ct) then
G immerses K ?

No for 123 (DMMS ‘12).

Lochet "2: I5t) st.: 1§ G has min ou’:-deab £ct) then i+
e

'mmerses 11 .
¢ Corgoivable Hok Con tale fc€)=ct .



G is Eulerian ¢ d¥w =d(w) €or every vertex u. “7;4

DeVos- McDonald — Mohar— Scheide '12: IS G is Eulerian cwith
min ou.’f-clea >t° then ¢ \mwmerses —’?ﬁ.

Aom [ Givdo—L. aa+). Icro ¢t if G is Eulerian cwith min owt-deg
ot least ct then G immerses ﬁe.




D —
Overview of the proof. -;;é )t )
l) letcbea Iavne constant.

Lemma. D Eulerian with min ou‘c-olea‘f,ct = D immerses

a o(iaraph G with B(4) vertices and J2(tY) edaes.

We use \Sparse. exPamoler.s'.

x Intcoduced ba Romlds — Szemerédi '96.

% Can be found in Smpks with average oles at \eas#alarae
constant. G dG)2wo Gdgs




% many recent applications :
-~ odd eycle problem (Ziu-Mow}aomerg_ ‘.w+)
- cligue subdivisions in Cy~Free graphs (Ziu-Montgomery 'r)
- Rowlds cou}'ecw‘ure on Hamiltonian gsets

(Kim= Liu- Sharifzacleh— Staden 'H) (%

Our Proo-? is a rare use of exPano!ers m oliﬂra[:ks

(Eulevian+ Immersion helF) .
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I[) Observation: I§ D is Eulerian anol immerses G +hen 1+ immerses

an Eulerian mu.ll-laliarapk G'2G with V(G')=V(G) ,

& @y




I[[) Lemma. If G is an Eulerian muli-idiaraph on n vertices whose
undler! ama ﬁra.rh (obtaineol ba removma directions andl

Mul'l'uplncrl-les) has min alea > on, then it immerses Ks, where

s=c'ein

1) +I[) -\-II]_') =) theorem .
D Elotian , ST et .
D) Do G, G B verticen, 7't edgen .

‘vv\mfov\

I) D G, G Bdorow, wuliic Vo 6'26, V(§")=V(5)

)6’\"’\)\({ =) 'DNVQk-L




More about Il

We will find a collection & of IL(n?) eolde-diéoin{' olic:]cles n g’
each Con+aim'n3 an ealje which is .simplo_ n UC.
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/
G
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Simple eolao.s
Let H be the unolirected graph Sormed by the purple (simple) edges.



Then H has average olea JLUn).

Ahus, by DTOFMMS '14: H immerses K, where t=J10n).
QY H

@}*’

Eoch P,y Corvesponds +o paths U—sV and v—ru in G that are

eolée- dis)oin’\‘. ﬁ :% ﬂ .
u

v

v, —
= G immerses K.



Open problems

D What is min £1£) st if §¥(6) 2 5t) then G immerses 1M, ?
Loche! '19: S&)= OU:S).
Maybe §it)=0(£)?

@) Mader '96: Is +nere 3&) st.if 8Y6) = gtt) then 6 containg a
subdivision of MM 2

© Comjec-lure ({eswre,—MeéhieJ '84): G immerses o) -



"F‘mdihﬁ C

Lemwma 4. D mulﬁamPh on n verdices with min o:d-dea o .
Ahen Sollcscle with € & Simple eo|3e8.

APY‘% Jemwa 1 \"epeon‘eollg to find &.

Qpvocessi G Ahed euswon trak we don't .l'ave O JF?W‘\'L\ o£
\?;vg\k a '§:€\ Xcdo WMQ'\IP\Q Qo&ﬂ o aVa )

&




imwmersion .

' om G b9-
H ¥ H om e obtained & 4
G Tmwenses
e delete eo%ﬂ Jvx

w
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Reoot of Lemma 1

(g-l-(u') 2 an

Lemma &. D olijraP)\, w:V(D)— TR 1§ W(N*(w)> - w(V(D)
then 3olic,acle of leng’rh & &

DED simple sabol'lamph E(D)= f Xy : xy is o mubiple eolJe 'm'D?.

X=3 xeV(D): ol’{(x) = 03 : .wxg?dq X

1 e
(P

Tinol sets UL(x), xeX, as follows:
% j ™




1f Sedje xD W(x), then aolic:jcle inD with £4 .S?thle, edde,.

SuPPose Ino such edjes.

D, ol'\jrAPk on X cwith x =Y 149 32433 X-mﬁ ufg)-

Can check: w (N;(x))? Olw()() UXGX, where wix)= | U)|.
X

Ba Lemma a: Boli%c.le, of len3+l1 £ inD..

= Sdicade, nD wth £ 27 Simple eo!jes'



