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Introduction \

Foct. The wmax number of eolaes in a 3raph on n vertices with no cycles is n-4.

(Maximisers are +rees.) 'ﬁ: oo 0000 Q

An r-grapk (= - uniform theraraPh) is o therjraph whose eo!Jes ° '

counsist of ¢ vertices. °

Question. Whot is the maximum Possihle wumber of edges n an t‘-ngh

on n vertices which has no cﬂdes?

“1he answer depe.nds on +he definition of a cscle.

We congider +hree netions: 'Berae cycles, loose cycles and Haht cycles.




Berae eye les \ (,
o @’

A Berge cycle is a Sequence  @y,vy,—, @,V here e,_,e, are olistinct edJes,
"4 "4

Vy,— Vi are distinct verlices, and vie €;neiq fori=4,_ k-1 and vce,ney.
Claim. The maximuwm number of edaes in an r-amph on n verticeS with

no Berge cycles is 1= .

Roof of upper bound. Not hard +o show: no Berge cﬂcle = eclaes can be
s Ve.

orderedl as e, __,em st. le; n (eqv—ve;.q)

Proof of lower bound. e°*’ ° .
° ‘.. > > Ao'



Loose c:]c.les | @

.
A loose cycle is a sequence es,_,e of eoljes st. consecutive \ -
[V

pairs of eolaes (anol ey auol @¢) have wdla one Verlex wm Common ,

anol non-consecutive pairs are olisJ‘oin{-.

Aheorem (Frankl-Firedi ‘g%). The maximum number of S W an

r-jmph on n vertices with no loose csdes 1S (:'.'.11) (For n larje).

Ac’cualla , FE show that > (?:‘i_\ eo!aes = J \oose +riaujle.
(csde of leﬂ'lj'nn 3)

Roof of lower bound.. Consider +he r-graph coith vertices [W):=4,—,nj

chose edﬂes are all sets of ¢ vertices Covﬂainina 4.



’ﬁah’c cdcles . I . §

A Jciawf cgcle is a Sequence Vi,_,v. of diskinct vertices sit. Vi — Vive-s§
1S an eolﬂe, Ve (inolices are modulo &).

Fe(n)= max number of edjes n an r-jmph on n vertices cith no +13h+ ajc.les.



Lower bounds \

Observation. §(m 3 (%%).

Peoef. Conmsidler f‘-ﬁmph H cith V(M)=[n) andl EMH)=7] c-sets Con-laininj 13.

Cou')e.dureCSSS, Verstrasie ‘105). £e(n)=(v- 1) for larﬂe n.

Huaug-Ma ‘44, The comjecture is false (For r23).

Thete exisls ce(4,2) sit. {-}(n\zc.(i-‘li .

-4
B. Janzer ‘20, Let ¢33, “There exists cro st. £ c’:%—h;:\gr.




UPPer boundls \

A cesult of Erdds (o4) implies F(m=0(n"

—(f- 41 )

An unpublisl\eol cesult of Verstraéle implies £3(n)=0(n ),

Sudakov-Towmon (r21). Zet c22. Ahen feln)<n™™ Oy ™)

r-44 o(i).

In particular, £ (n)=n

Theorem (L. a1+). JLet c23. “hen £¢(n) € O(nr'i(lo‘jn)s).

(s is 413k+ up o a octor of O 0°j"‘) lojlo‘)n\ )



(-partite c-graphs \

Claim. Let H be an r-jmph on m eolaes. There is an
r-Par-l-ﬂe su\ohaperﬁmph H'eH onz %-m edaes-

Peoof, Let {A,,_,A.-] be a pardition of VIHN), chosen uni?ormls ot random, and let
N’ be +he subkaPeramPh of M obtaineol by keeping edges e with lenA:]=4 Vi,

for e, PlecH')= T = E(e®)=Tm =3 suitable #' exists.

Aim. Lot H be an r-partite r-graph, with partition jA4,—, Ac§, on n vertices
with % oln™4 eo\jes, where o(bC-(loan)s. Then N contains a -I-iah{' c&cle.



Notation \

We cepresent “(3“ ee as (x5,—,X) where x;eA;.

For edaes e =(xq,—,X¢) andl 'F=(a1,_,a,.) , & -Liabr} path from e 40 € is a -I-'.aH-

‘Pa-”\ ("21_,___,%;) where 2;=Xx; for telv) and Bhorai = Yo for (e(r]-

come @@ o
mox g



Expanders
- partite r-amp\a , voln"* eo!aes

2
Lemma (Sudakov-Tomon *a1). “There is a subhgferaraPh 52}’( s.t. for every edae

ees. and small ‘BSV(S,\ (wll\icl\ [ olisjoin'\- of e.): for almost every edae ‘?eg there
is a short +ialn‘|' Path Lrom e 4o £ +hat avoids B.

Troof ideas.

* Define r-line araphs, which are 3ra|>hs associated with r-partite r-%raphs.
% Define notions of olensii-a anol expansion for r-(ine-ijks.

Call such 5 an ggamde .




Connec‘iina eolaes in exponders. \

Ahreorem ( Sudaleov—"Towmon ‘21'). Let % be an expanaler. Then
% Either for every disjoiw} eoljes e,f there is a-\-iah’r ?a&h from e o €,
¥ Or +here is a small dense subhaperyarh.

'f\nea pv‘oceeo! loa o o‘emsﬂ-a increment anaumewl'.

Aneorem (L. a1+). Lot % be an expanoler. Awen % Contains a +i3k+ cscle.

In fact, we shoew +that there is a +iah+ cacle “‘"’“3“ almost every +wo ealﬂes.



Robus+ re.achahili{-g \

Lot S b o ( o, fo cv

%_ e onzexpam er cith m eo‘aes So, for every ee(-_',(%') onol B (83
With IB) which is o‘(SJonn'\' of e, for o} least (1-€)m edaes fe E(g):
there is a -l-;al«i- path from e 4o § of lemgl-l« <0 +hat avoids B.

Lemma (2.). In & as above, for every edoe e there is a set Fle)< E(s) with
I’F(e)llfi-é'.)M, ond paths Ple,), for fete, of lev\a-ll\ 24 from e to 4

st. no vertex (excepl for +hose in e) appears in > —- paths Ple, £).




Rroof of lemma \

* Lot o)< E(g.) be maximal st. Jpaths Ple,S) of lenath <2 Srom e o £,
for £eEe, s.t. no veriex appears in > - £ Poths Ple,f).

* Let B be the set of vertices in exac’:\a paths Pled).

‘l

Then 101 2 < £ [Fte)| £ &m = IBl< 5.

* ‘Ba expansion, there is a subset Fle) —C-E(%) of size > (4-€)m, anal paths
Pl for feFle), of lena-l-h S from e Yo £, +that avoids B.

* 1¢ [F@l<(4-8)m, let £'eFle)\Fle).

The set Fle)uif'} with paths Ple$ for feFie) and Plef') for £, contradicts
maximo.li-}g of Fte).



'Fiv\alina -Pualnl' cgcle.s \

Id b ( of C’\/

%_ e anzexpamoler coith w edaes So, £ every ec E,(%') onol B (8)
with [B) €5, which is d(SJOln'\' of e, for ot least (1-€)m edaes fe E(g).
there is o -I-;al«i- poth from e to € of lengl—k <0 thal avoids B.

Ancorem (L. at+). Lot % be as above. “fhen % Contains a -Halfd' cacle.

Lemma (2.). In & as above, for every edae e there is a set Fle) < E() with
[F(&)]2 (4-E)m, ondl path Ple.§) of length ‘l ?rom e to £, for £eFle), sit. no

vertex (except for +hose in €) appears in > & T paths Ple.f).




Proof of theorem \

* For every ec E(g), le} Fee) S E(%] be a set of size 2 (1-&)m, andl let Ple.f) be a
-HaH- poth of lena’rks 9 fcom e 40 £, for fcTF(e), sit. no vertex appears in > élm
poths Ple.f) with fetie).

x For § GE(%) let B be +he set of vertices apfearma, n — poths Ple,f).
Anen  [B(6)]- =7 Emclm = |B)| < %—

X B& ex?ansion, for » (1-€Im edJes e +here is a 'Pad-k Q(f,e) of
\ev\%&k <l from § +o e +thot aveids B(¥).



Mo.na_ oooo! «pains \

Claim. “There are o} least (1-7€)m* poics (ef) with efe E(%) sk.:
(a) Qfe) is defined,

(b) there are at least 5 eo!aes h st. Ple,h) and P(h,§) are defined
ond the concatenation PleWPh.€) is a -l-iaH- path from e 4o £.




Proof of claim \

Let Dle) be the oliJraPk with verdices E(%) where h€ is an edae, whenever
Pleh) PChF) are oledineot and PleWPhF) is a +‘8H path.

for every h st. Ple,h) is defined, h has ou+-ol¢zjree ot least:
HEc £ PG is defined) = S, #(£: vis in PWF) 3 (1-25)m.

veV(Pleh)e— -
— 5 (4-Sym " vgh < %‘%"

L4
= Dle) has 2 (4-EWMm - (1-2E)mM 2 (4-3E)m? edges.
= D) has 2 (4- 6E)m vertices § with in-olearee % %
= (b) i¢ satisfied for > (1-6E)M* 'Pains (5).



End of proo§ of +heorem \

Let e.QeE(%) satisfy:

(a) Q§.e) is defined,

(b) there are at least % edae.s h st. Pleh), Phf) are defined anol
the concatenotion Ple,W)Plhf) is a -l-iak-l- path from e o £.

¥ “There are of most -e'-E-“'.Q,: Em eo\se.s h os in(b) st. Ple,h)
ond Q(fe) have o vertex in common (which is not n €).

X “Theve are ot most %".QF Em e.o\se.s h as in(b) st. Plhf)
and Q(fie) have o vertex in common (which is not n £).

= There are 3 F-2Emy, % eolaes h as in (b) st. Pleh)Ph£)QE.e) is o -l-iah’r cﬁc.le.



Other applic.a-l-ions \

The sawe arquments nield the following results (o.lreaola preveel by O. Janzec '30).

X Every MM e.dqe- coloured graph on n vertices with > cn(lo n') edaes
~
contains a mmlnow Csde. inciolent eo'aes have alistinct Coloars Q

all eolges have dlistinct colours

(usina +ools from G'mv\a - Methuku- Ye?mmgan ‘343 observeadl 53 JLMY 'ad+).

X Evera Smph on n vectices with % ¢ Ioan) eo\aes

c,on’tams on r-b\owu oF a i
vertices reP\aced by independent s of gire 1; edges veplaceol by e

(U.Sma a result ba Morris-Saxton '16; connection observed bg U'LMY).



Open Problems \

x Whot is $¢(n) = mox number of eolaes in an r—ampln on n verhices cith
no hah’f C\chle&? Best known bounds: c,n =D ‘LS agi < $n) £ czn "'Uo‘jm‘)

2. 3'am‘-zer 2o 't Qi+

x Question (Conlon *11).

(Evera r-portite r—Jmpln has wo -Hdr\’r ches of lw&j“" 0 awith rk.Q..)

% What s scn) max number of eoloes n a Properla eolje coloureel
SfAPh on n vertices with no rainboc c:jc(es?

Dest known bounds: ¢;n lﬁn < 3Cn)< Cz“(|03n) .

Keevask—Mu\oan\ - Sudakov- Verstraéte ‘0'-? O. Janzer ‘@0 4, ‘ ) ‘
o Lol

()



