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Introduction

tact. The max number of edges in a graph on n vertices with no cycles is n- 1 .

(Maximisers are trees.) • •
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An r-g-raph.fr- uniform hypergraph) is a hypergraph whose edges • •

or or 0

consist of r vertices . •

Ouestion . What is the maximum possible number of edges in an r-graph
on n vertices which has no cycles?

The answer depends on the definition of a cycle .

We consider three notions : Berge cycles, loose cycles and tight cycles .
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Berge cycles . .

i ,

•

A Bergere is a sequence ears ,- , ek.vn where e., - , en are distinct edges,
v2 , - ,vk are distinct vertices , and vie eine its for i=1, - ,k- 1 and vi.c- ekneso

Claim . The maximum number of edges in an r-graph on n vertices with
no Berge cycles is LF÷1 .

Proof of upper bound . Not hard to show : no Berge cycle ⇒ edges can be
ordered as er, -,em s.tn/ein(esu-uei-s)/E1V-i .

Proof of lower bound .
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Loose cycles
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A loose cycle is a sequence ez ,- ,ek of edges sit . consecutive
•

.

'

pairs of edges (and ek and ee) have exactly one vertex in common ,
and non-consecutive pairs are disjoint.

Theorem (Frankl-Fiiredi '87) . The maximum number of edges in an
r-graph on n vertices with no loose cycles is (7--1) (for n large) .

Actually ,FF show that > ( F-2) edges ⇒ F loose triangle .

(cycle of length 3)

Proof of lower bound . Consider the r-graph with vertices In] :={s,-, n}

whose edges are all sets of r vertices containing 1.



Tight cycles . .y§O
A tight cycle is a sequence v1,→un of distinct vertices set . {Vi , - , Vi+r- s}
is an edge lti ( indices are modulo G) o

fr (n)= max number of edges in an r-graph on n vertices with no tight cycles .



Lower bounds

Observation . fr (n) 7 (FI) .

Proof
.
Consider r-graph H with UCHI =[n7 and ECH)={ r- sets containing 1} .

Conjecture ( So's , Verstraete '10s) . fr (a)=/ F-E) for large n .

Huang-Ma ' 19 . The conjecture is false (for v73) .

There exists cels ,2) s.t.fr (n) ICCF:?) .

B. Tanzer ' 20 . Let r73. There exists c>os.t.fr (n)z
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Upper bounds

A result of Erdos (64) implies frcn)=O(nr
- 2-"
"

) .

An unpublished result of Verstraete implies fsln)=O(n
") .

Sadakov-Tomon ( '21) . Let r73 . Then fr (n) I nr
-se011099)

.

In particular, f. (n)= nr-1+0111 .

theoremll.sn#.Letr73oThenfrCn)EO(nr-1(1ogn)5) .

(This is tight up to a factor of Oftogn)" log login)o)



r-partite r-graphs
no no no

no no no

no no I

claim . Let H be an r- graph on m edges . There is an . . .

r- partite subhypergraph H' c-H on 7 ¥r 'm edges .

Proof. Let {As,-,Ar} be a partition of VIM) , chosen uniformly at random, and let .

M
'
be the subhypergraph of H obtained by keeping edges e with tenAi /=L trio

For eetl
, Alec-H

')=¥ ⇒ E-(eltl 'D= m ⇒ suitable H
'
exists .

Aim
.
Let H be an r- partite r-graph , with partition {As,- , Ar} , on n vertices

with 7 dnr-1 edges , where dz c.(logis)? Then M contains a tight cycle .



Notation

We represent edges eetl as (Xs ,-Hr) where ✗i c-Ai .

For edges e=(xs,-Ar) and f- lys,-,yr) , a tight path from etof is a tight

path (Zs ,- ,
2- g) where Zi=Xi for iecr] and Zee-r+i= Yi for iecr] .

n n n n n n n n

✗1 ✗2 ✗3 YI YZ Y3



Expanders
r- partite r-graph , Idn

'-'

edges
9

Lemma (Sadakov-Tomon '21) . There is a subhypergraph YEH s.to for every edge

eeg and small BEVlgl (which is disjoint of e) : for almost every edge fecg there

is a short tight path from e to f that avoids B.

Proof ideas .

* Define r- line graphs , which are graphs associated with r-partite r- graphs .

* Define notions of density and expansion for r- line-graphs .

Call such G an expander .



connecting edges in expanders .

Theorem (Sadakov-Tomon '21) . Let Cy be an expander . Then
* Either for every disjoint edges e.f there is a tight path from e to f,
* Or there is a small dense subhypergraph .

They proceed by a density increment argument.

Theorem ( Lo 21+1 . Let G be an expander . Then g contains a tight cycle .

In fact
,
we show that there is a tight cycle through almost every two edges .



Robust reachability

Let g be an expander with m edges . So , for every e c- E-(g) and BEV18)
with /Bls¥ , which is disjoint of e. for at least a- Elm edges f c- E-(Eg) :
there is a tight path from e to f of length el that avoids B.

Lemma (Lo) . In gas above , for every edge e there is a settle) c- C-(g) with

/Fte) / 7 (1-E)m , and paths Ple,f), for f c-Ee , of length El from e to f,

sit
. no vertex (except for those in e) appears in > EI paths Ple ,f) .



Proof of lemma

* Let Fce) I E-(g) be maximal sit . Fpaths Ple ,f) of lengths l from e to f,
for f-c- Ee

,
sot . no vertex appears in > EI paths Ple,f) .

* Let B be the set of vertices in exactly EI paths Pce ,f) .

Then 1131 . EIEl . IFeelElm ⇒ 113k¥ .

* By expansion , there is a subset Fte) C- ECG) of size 711-E)m, and paths
P'(e.f) for fc-Fte)

,
of length El from e to f

,
that avoids B.

* If /T-cell < 11-E)m , let f'c-Fte) -Fte) .

The settle)u{f
'

} with paths Ple,f) for fete) and P'ce ,f
'

) for f
'

,
contradicts

maximality of Feel .



Finding tight cycles

Let g be an expander with m edges . So , for every e c- E-(g) and BEV18)
with /Bls¥ , which is disjoint of e. for at least a- Elm edges f c- E-(Eg) :
there is a tight path from e to f of length el that avoids B.

Theorem ( Lo 21+1 . Let G be as above . Then g contains a tight cycle .

Lemma (Lo) . In gas above , for every edge e there is a settle) c- C-(g) with

/Fte) / 7 (1-E)m , and path Ple,f) of length El from e to f, for f c-Fte), sit . no

vertex (except for those in e) appears in > ¥^ paths P(e.f) .



Proof of theorem

* For every ee E(g) , let -1Te) I Elgl be a set of size 211-E)m , and let Ple ,f) be a

tight path of lengths l from e to f, for fete), sit . no vertex appears in > EI
paths P(e.f) with fc-Fte).

☒ For f- c-Eog) , let B(f) be the set of vertices appearing in 7EI paths Pce,f).

Then /Blf) / . EI Elm ⇒ /☐(f)Is
d
'

E- .

* By expansion , for 7 (1-E)m edges e there is a path Qlf,e) of

lengthEl from f to e that avoids B.(f) .



Many good pairs

claim . There are at least (1-7-E)m2 pairs (e.f) with e.f- c- E-(g) sit . :

(a) Qlf,e) is defined ,

(b) there are at least 1- edges h sit . Pie ,h) and Pch, f) are defined
and the concatenation Pleihlplh ,f) is a tight path from e to f.

e h f

É(Éf-



Proof of claim

Let Dle) be the digraph with vertices E-(g) where hf is an edge whenever
Ple,h) ,Pch ,f) are defined and Ple,h)P(hif) is a tight path .

For every h sit. Pce,h) is defined , h has out-degree at least :
#§ c- E-(g) : Plh,f) is defined) - L #(f : v is in Pch ,f)) 7 ( 1-2E)m .

vc-VCPle.tn#-mr-Fvc-h
in
ee

⇒ Dte) has 7 (1-E)m • (1-2E)M 711-3E)m2 edges .

⇒ D(e) has 7 (1- 6E)m vertices f with in-degree 7 ME .

⇒ (b) is satisfied for 7 (1-6E)m2 pairs (e.f) .



End of proof of theorem

Let e.f c- E-(g) satisfy :
(a) Qlf,e) is defined ,

(b) there are at least F. edges hs.t.PK ,h) ,Plh ,f) are defined and
the concatenation Ple ,b)Pch,f) is a tight path from e to f.

☒ There are at most EI •f- Em edges has in (b) sit . Ple ,h)
and Qlf,e) have a vertex in common (which is not in e) .

☒ There are at most EI •f- Em edges has in (b) sit . Plh ,f)
and Qlf,e) have a vertex in common (which is not in f) .

⇒ There are 7¥ -2Em2¥ edges has in (b) sit . Pce.hlplh ,f)Qlf ,e) is a tight cycle .



Other applications

The same arguments yield the following results (already proved by 0. Tanzer '20) .

* Every properly edge- coloured graph on n vertices with 7 cnllognjs edges
contains a rainbow cycle .

→ incident edges have distinct colours . .

A 0

¥11 edges have distinct colours 0 a

(using tools from Jiang -Methuku-Yepremyan
'21 ; observed by JLMY

'21+1 .

* Every graph on n vertices with 2 cn2
- "yogis"edges i:3 .:

W W
i.contains an r- blowup of a cycle . D.:3
:

vitiated by independent sets of sizer, edges replaced by Rnr
(using a result by Morris-Saxton

'16; connection observed by JLMY) .



Open problems

* What is from = max number of edges in an r-graph on n vertices with
no tight cycles? Best known bounds : car

-'# sfr (n) I Cznr-41og
n)?

log lognd
B. Tanzer 120 Lo 21-1

* Question (Conlon ' 11) . Is there c-Ccr) sit. if l>r and r /l then r- graphs
on n vertices with no tight cycles of length l have 01hr

-1+E) edges?
(Every r-partite r-graph has no tight cycles of length l with rye .)

☒ What is gin)= max number of edges in a properly edge - coloured
graph on n vertices with no rainbow cycles?
Best known bounds : can logn t gink can Clog n)
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20Keerash-Mubayi - Sadakov- Verstraete '07 lthhaannkkyyoouu!!


