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Lagrangians

Given r -graph G and w : V (G) æ [0, 1],

w(G) =

ÿ

eœE(G)

Ÿ

xœe

w(x)
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3

Definition (Motzkin, Straus ’65)

The Lagrangian of G is

⁄(G) := max{w(G) :

ÿ

xœV (G)
w(x) = 1}.

E.g., ⁄(—) = max{xy + yz + xz : x + y + z = 1} = 1/3.

More generally, ⁄([t]

(r)
) =

1
t

r

1
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r
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Lagrangians of graphs

Theorem (Motzkin, Straus ’65)
Let G be a graph. Then ⁄(G) = ⁄(K

r

), where r = Ê(G).

Proof.

As K

r

™ G , ⁄(G) Ø ⁄(K
r

).
Let w(G) = ⁄(G) (and q

x

w(x) = 1).

G

Supp(w)

w(

N(x)

)

x

w(

N(y)

)

y

Ø

w(x) + w(y)

0

gain from weight shift:

w(y)

!
w(N(x)) ≠ w(N(y))

"
Ø 0

Hence ⁄(G) Æ ⁄(K
r

).
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Applications of Lagrangians

Alternative proof of Tur´an’s theorem (Motzkin, Straus ’65).

Suppose that |G | = n and G is Kr+1-free.

Define w(x) =

1
n for every x .

1
n2 e(G) = w(G)

Æ ⁄(G) Æ ⁄(Kr) =

1
r2

1
r
2

2
=

1
2(1 ≠ 1

r ).

e(G) Æ 1
2(1 ≠ 1

r )n

2
.

Other applications.
Frankl, Rödl ’83: hypergraphs do not jump.

Frankl, Füredi ’89; Hefetz, Keevash ’13; . . .
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1
r2

1
r
2

2
=

1
2(1 ≠ 1

r ).

e(G) Æ 1
2(1 ≠ 1

r )n

2
.

Other applications.
Frankl, Rödl ’83: hypergraphs do not jump.

Frankl, Füredi ’89; Hefetz, Keevash ’13; . . .
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Frankl, Füredi ’89; Hefetz, Keevash ’13; . . .

Shoham Letzter Hypergraph Lagrangians 4 / 13



Frankl-F¨uredi conjecture

Question

What is max{⁄(G) : G an r-graph, e(G) = m}?

Definition

C(m, r) is the initial segment of (N(r), <
colex

) of length m,

where A <
colex

B i� max(A—B) œ B.

E.g., C(8, 3) has edges

123, 124, 134, 234, 125, 135, 235, 145.

Conjecture (Frankl, F¨uredi ’89)

C(m, r) maximises ⁄ among r-graphs with m edges.
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Progress on the Frankl-F¨uredi conjecture

The FF conjecture holds when

Motzkin, Straus (’65). r = 2.

Talbot (’02). r = 3 and

1
t
3

2
Æ m Æ

1
t+1

3

2
≠ O(t).

Tyomkyn (’17). r Ø 3 and

1
t
r

2
Æ m Æ

1
t+1

r

2
≠ O(t r≠2

).

In particular, [t]

(r)
maximises the Lagrangian among r -graph

with

1
t
r

2
edges.

Improvements by Tang, Peng, Zhang, Zhao (’15);
Lei, Lu, Peng (’18).
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Our results

Theorem (Gruslys, L., Morrison ’19+)

The FF conjecture holds for r = 3.

Theorem (Gruslys, L., Morrison ’19+)

The conjecture holds for r Ø 4 and

1
t
r

2
Æ m Æ

1
t
r

2
+

1
t≠1
r≠1

2
.

This extends the range of m’s for which the conjecture is

known to hold.

Theorem (Gruslys, L., Morrison ’19+)

FF does not hold for all r Ø 4.

For example, it does not hold for m =

1
t
r

2
+

1
t≠1
r≠1

2
+ r .

Shoham Letzter Hypergraph Lagrangians 7 / 13



Our results

Theorem (Gruslys, L., Morrison ’19+)

The FF conjecture holds for r = 3.

Theorem (Gruslys, L., Morrison ’19+)

The conjecture holds for r Ø 4 and

1
t
r

2
Æ m Æ

1
t
r

2
+

1
t≠1
r≠1

2
.

This extends the range of m’s for which the conjecture is

known to hold.

Theorem (Gruslys, L., Morrison ’19+)

FF does not hold for all r Ø 4.

For example, it does not hold for m =

1
t
r

2
+

1
t≠1
r≠1

2
+ r .

Shoham Letzter Hypergraph Lagrangians 7 / 13



Our results

Theorem (Gruslys, L., Morrison ’19+)

The FF conjecture holds for r = 3.

Theorem (Gruslys, L., Morrison ’19+)

The conjecture holds for r Ø 4 and

1
t
r

2
Æ m Æ

1
t
r

2
+

1
t≠1
r≠1

2
.

This extends the range of m’s for which the conjecture is

known to hold.

Theorem (Gruslys, L., Morrison ’19+)

FF does not hold for all r Ø 4.

For example, it does not hold for m =

1
t
r

2
+

1
t≠1
r≠1

2
+ r .

Shoham Letzter Hypergraph Lagrangians 7 / 13



Our results

Theorem (Gruslys, L., Morrison ’19+)

The FF conjecture holds for r = 3.

Theorem (Gruslys, L., Morrison ’19+)

The conjecture holds for r Ø 4 and

1
t
r

2
Æ m Æ

1
t
r

2
+

1
t≠1
r≠1

2
.

This extends the range of m’s for which the conjecture is

known to hold.

Theorem (Gruslys, L., Morrison ’19+)

FF does not hold for all r Ø 4.

For example, it does not hold for m =

1
t
r

2
+

1
t≠1
r≠1

2
+ r .

Shoham Letzter Hypergraph Lagrangians 7 / 13



Our results

Theorem (Gruslys, L., Morrison ’19+)

The FF conjecture holds for r = 3.

Theorem (Gruslys, L., Morrison ’19+)

The conjecture holds for r Ø 4 and

1
t
r

2
Æ m Æ

1
t
r

2
+

1
t≠1
r≠1

2
.

This extends the range of m’s for which the conjecture is

known to hold.

Theorem (Gruslys, L., Morrison ’19+)

FF does not hold for all r Ø 4.

For example, it does not hold for m =

1
t
r

2
+

1
t≠1
r≠1

2
+ r .

Shoham Letzter Hypergraph Lagrangians 7 / 13



Our results

Theorem (Gruslys, L., Morrison ’19+)

The FF conjecture holds for r = 3.

Theorem (Gruslys, L., Morrison ’19+)

The conjecture holds for r Ø 4 and

1
t
r

2
Æ m Æ

1
t
r

2
+

1
t≠1
r≠1

2
.

This extends the range of m’s for which the conjecture is

known to hold.

Theorem (Gruslys, L., Morrison ’19+)

FF does not hold for all r Ø 4.

For example, it does not hold for m =

1
t
r

2
+

1
t≠1
r≠1

2
+ r .

Shoham Letzter Hypergraph Lagrangians 7 / 13



The colex graph with

1t
r
2

+

1t≠1

r≠1

2
edges

Let m =

1
t
r

2
+

1
t≠1
r≠1

2
then

C(m, r) =

[t]

(r) fi
1
{t + 1} +

[t ≠ 1]

(r≠1)

2

= {r -tuples in [t + 1] that do not contain {t, t + 1}}.

0w(t) + w(t+1)

¬ w(t + 1)
!

w(N(t)) ≠ w(N(t + 1))
"

t t + 1

C(m, r)[t](r)

It follows that ⁄(C(m, r)) Æ ⁄([t]

(r)
) if m Æ

1
t
r

2
+

1
t≠1
r≠1

2

(but for larger m we have ⁄(C(m, r)) > ⁄([t]

(r)
)).
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The counterexample

Let r = 4, m =

1
t
4

2
+

1
t≠1

3

2
+ 4 and let G := C(m, 4).

Then

G =

I
quadruples in [t + 1]

not containing {t, t + 1}

J

fi

Q

ccca{t, t + 1} +

C(4,2)

˙ ˝¸ ˚
R

dddb

We compare ⁄(G) with ⁄(G Õ
), where G Õ

is defined as

G Õ
:=

I
quadruples in [t + 1]

not containing {t, t + 1}

J

fi

Q

cca{t, t + 1} +

a lex graph

˙ ˝¸ ˚
R

ddb
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Disproving the conjecture

Let w be such that w(G) = ⁄(G).

Estimate w(·)

(– ¥ 1
t , � ¥ 1

2t3 , — ¥ 1
2t ) (we use the fact

that links of any two vertices have the same weight).

Switch edges to obtain G Õ and modify w (to w Õ).

w Õ(G Õ) ≠ w(G) ¥ �2
4

!q dHÕ(x)2 ≠
q dH(x)2"

= �2
2 ,

where H = and H Õ = .

Hence

⁄(G Õ) Ø

w Õ(G Õ) > w(G)

= ⁄(G).

G

t+1tt≠1

– —¥ –+�¥ –+2�¥ –+3�

+�≠� ≠�+�

1 2 3 4 5
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A recipe for finding counterexamples

Theorem (Gruslys, L., Morrison ’19+)

Suppose that G maximises ⁄ among r-graphs with e(G) edges and

G =

I
r -tuples in [t + 1]

not containing {t, t + 1}

J

fi ({t, t + 1} + H).

Then q d2
H(x) is within 1 + o(1) of the maximum of q d2

F (x)

among (r ≠ 2)-graphs F with t ≠ 1 vertices and e(H) edges.

Let

!t
r
"

+

!t≠1
r≠1

"
Æ m Æ

!t+1
r

"
, m =

!t
r
"

+

!t≠1
r≠1

"
+ s.

Then

C(m, r) =

I
r -tuples in [t+1]

not containing {t, t+1}

J

fi ({t, t+1} + C(s, r ≠2)) .

So, if C(s, r ≠ 2) is far from maximising sum of degrees

squared, then m is a counterexample.
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Remarks

Let

1
t
r

2
+

1
t≠1
r≠1

2
Æ m Æ

1
t+1

r

2
, m =

1
t
r

2
+

1
t≠1
r≠1

2
+ s.

We saw: if C(s, r ≠ 2) is far from maximising the sum of

degrees squared, then m is a counterexample.

There are no such counterexamples for r = 3

(C(s, 1) is

the only 1-graph with s edges).

For r Ø 4, r is the least s for which C(s, r ≠ 2) does not

maximise the sum of degrees squared.

That’s why we

considered m =

1
t
r

2
+

1
t≠1
r≠1

2
+ r .

For 3 Æ s Æ r ≠ 1 there are two maximisers: C(s, r ≠ 2)

and the star .

We do not know which yields larger ⁄.
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Open questions

Is it true that if

!t
r
"

+

!t≠1
r≠1

"
Æ m Æ

!t+1
r

"
then there is a

maximiser G of ⁄ with m edges such that

G =

I
r -tuples in [t + 1]

not containing {t, t + 1}

J

fi ({t, t + 1} + H)?

We can prove this for almost every such m.

Is it true that if G is a maximiser of ⁄ and has the above form

then H maximises sum of degrees?

We know that H asymptotically maximises.

What is max{
q dH(x)

2
: H ™ [t]

(r), e(H) = m}?

For r = 2, either a lex or colex graph maximises (Ahlswede,
Katona (’78)). For r = 3, this is not the case.

Thank you for your attention!!!
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