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Erdos- Ginzburg -Ziv

'61 : every sequence of an-1 elements in In

contains a subsequence of length n whose elements sum to 0 .

Further directions :

* For abelian A
,
what is the min l sot

. every sequence of l

elements in A contain a non - empty subsequence summing too ?

- This is theDavenport constant of A .
- Solved by Olson

'

69 When IAI =p
" for prime p .
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Zero -sum Ramsey
* The zero-sum Ramsey number rzs (H ,2k) is the min ns.t . for every
2k - edge -colouring of kn there is a zero-sum copy of Ho

- introduced by Bialostocki-Dierker
'

92 .

- finite when KIECH) o

- investigated for matchings, complete graphs , trees . . .

by Alon , Bialostocki , Caro , Chung , Dierker , Fiiredi , Graham ,
Rleitman

,
Roditty , Seymour , Schrijver . . .
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f- (A) := min {n : Fw : Elkin)→ A 3-zero-sum cycle}.

T

complete digraph on n vertices

* Introduced by Alon- Rrivelevich
'
21 for A-2g .

They were interested in finding cycles of length 0 (mod g)
in clique minors .

* f-(Zz) 7g (when n=q-1 , consider WE1) .
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Previous results on zero-sum cycles

For abelian A
,
f- (A) := min {n : Fw : Elkin)→ A 3-zero-sum cycle}.

* Alon - krivelevich '21 : f( Ig) = Olqlogq) ,
f-(Ip ) I 2p for p prime .

* Mészaros- Steiner '22 : f(A) I 81A / for abelian A ,
f-(Ip) 1¥ for p prime .

* BerendSohn - Boyadzhiyska- Kozma '22 : flA) £2 /A1 for any group A.

They looked for cycles with fixed points in digraphs
edge - labeled by functions . 4
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Our results
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÷
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Our results

Theorem (L . -Morrison '22+1 . f(2p)=p+O(Fp) .

* f⑦pk) > (p- 1)k : É ¥÷
¥¥ * %.

Theorem (L . -Morrison '22-1) . ftdpk)=0(pbilogk) for p prime,
f(Zak)=O(klogk) .

5
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Definitions
2-

A gadget g looks like : ✗ .
> I > . y

. Its value g* is wlxzy)-way) .

wÉÑwyz)
( Introduced by AK , used also by Ms , BBK .)

Given a multisubset SEA
,
E.(g) = {subset sums}= {Lt : Tes} .of S TET

A multisubset SEA is reduced if Sls)¥21S - {s}) Uses .

Define hplk) = Max { 1st :S reduced multisubset in Zpk} .
6
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Using gadgets
Observation . w:#Rn)→A . Let G be a collection of disjoint gadgets ,

satisfying E(§l=A .
Then there is a zero-sum cycle .

•
{g*:geG }

Proof .
• •

.

>

'

>

>

. > .

>

>

>

. > .

>

>

>

→
> j > . > .

> j > .

<

L(g*1=A ⇒ Ftecg : Eh*= -wk) .hete

WKY =w(c) + Eh*=o .
HEH 7
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Bounding ffzpk)
suppose : w : E-(RT)→2 pk has no zero-sum cycles .
Pick J family of disjoint gadgets with Max Klg*)/ & min If / .

⇒ is reduced ⇒ IGK hplk) .
Observation ⇒ <(F)=/ zpk .

Claim . Let vo¢Vtg) . We may assume wlvou)=o the#Vo .

§ 0
,

•
V0

L
°

8
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Bounding ffzpk)
Oz •

V0

Define : B={be2pk :b -121g
"

)=LlG* )} . ✗ .
> ? < 20

* B subgroup .
* BEz(g*) . } ⇒ BE 2¥ ,

Kkk . [ gadget with
value ¢13

* V-x.ge/VlG)uEvo3:wCxy)c-B .

(otherwise Gu { gadget onx.y.ro} contradicts maximal ityofsg:)
Induction on (Vig)u{v.3)

'

gives : f(2pk)=O(kohplkl) .

Lemma
. ffdpk)=O( logk - hpcki) .

9



116

Easy facts about reduced sets

Recall : SEA is reduced if £1S) ¥11S - Is}) VSES .

hp(k) = max size of a reduced multisubset of 25 .

10



116

Easy facts about reduced sets

Recall : SEA is reduced if £1S) ¥11S - Is}) VSES .

hp(k) = max size of a reduced multisubset of 25 .

* ⇐2? is reduced if it is linearly independent ⇒ hack)=k .

10



116

Easy facts about reduced sets

Recall : SEA is reduced if £1S) ¥11S - Is}) VSES .

hp(k) = max size of a reduced multisubset of 25 .

* ⇐2? is reduced if it is linearly independent ⇒ hack)=k .

* hpck)> (p-1)k : eoo.fi?noo-.oso,??,ozo-,oos?#oos .

10



116

Easy facts about reduced sets

Recall : SEA is reduced if £1S) ¥21S - Is}) VSES .

hp(k) = max size of a reduced multisubset of 2pk .

* SIZE is reduced if it is linearly independent ⇒ hack)=k .

* hpck)> (p-1)k : eoo.fi?noo-.oso,??,ozo-,oos?#oos .
☒ hp(1)=p-1 .

10



116

Easy facts about reduced sets

Recall : SEA is reduced if £1S) ¥11S - Is}) VSES .

hp(k) = max size of a reduced multisubset of 25 .

* ⇐2? is reduced if it is linearly independent ⇒ hack)=k .

* hpck)> (p-1)k : eoo.fi?noo-.oso,??,ozo-,oos?#oos .
☒ hp(1)=p-1 .

notice :S reduced & S
'

Es ⇒ s
'

reduced
.

10



116

Easy facts about reduced sets

Recall : SEA is reduced if £1S) ¥11S - Is}) V-SES .

hpfk) = max size of a reduced multisubset of 25 .

* SIZE is reduced if it is linearly independent ⇒ hack)=k .

* hpck)> (p-1)k : eoo.fi?noT.oso,?.?ozo-,oos?#oos .
☒ hp(1)=p-1 .

notice :S reduced & S
'

Es ⇒ s
'

reduced
.

So : if S={S., . . . .SK} is reduced then :

Iss/ =/ s({s ,,→Sk}) / 718 ({si ,-,Sai}) /+17 .. . 7K$) / + k7k -11 .

10



116

Easy facts about reduced sets

Recall : SEA is reduced if £1S) ¥21S - Is}) VSES .

hp(k) = max size of a reduced multisubset of 25 .

* SIZE is reduced if it is linearly independent ⇒ hack)=k .

* hpck)> (p-1)k : eoo.fi?noo-.oso,?.?oso-,oos?#oos .
☒ hp(1)=p-1 .

notice :S reduced & S
'

Es ⇒ s
'

reduced
.

So : if S={S., . . . .SK} is reduced then :

Iss/ =/{({s ,,-,Sk}) / 718 ({si ,-,Sai}) /+17 .. . 76$11 -1k7k -11 .

⇒ if SE Zp is reduced then 1st =p- 1.) 10
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Let s be a multisubset of 25 of size xp- 1) with =p-1

vectors in each direction .
Then £1S)=2p?

Lemma ⇒ Theorem for k=2 :
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By hp (1)=p-1, S has t p-1 vectors in each direction .
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Then £1S)=2p?

Let a- (8) c-II. Aim : show w c-Elst .

Write m=2lp-1) .

Define : PAs ,- ,✗m) =

(1- (✗saw-+✗mam - c)P
-1) •(1-1×1bat-+xmbm- d)Pt) .

12



116

Proof of Lemma

Lemma
.
Lets be a multisubset of 25 of size xp- 1) with =p-1

vectors in each direction .
Then £1S)=2p?

Let a- (8) c-2,7 . Aim : show w c-Lls) .

Write m=2lp-1) .
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Taking Si-10,1} &ti=1 , we get :

if [✗i- •✗m]P(×s ,-Am) -1-0 then west{1%1 .-18:)} ) .
-

the coefficient of ✗i-Xm inPAI, -,✗m) 13
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